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contributions 


A 215-Mile 2720-MC Radio Link* 
L. H. DOHERTY} anv G. NEALt 


‘Summary—The results from the operation of a 215-mile, 2720- 
mc radio link are discussed, The link was operated for a period of 
twenty months. The yearly median signal level was 79 db below free 
space with a seasonal variation between 12 and 14 db in the hourly 
medians. If attention is confined to a single season the hourly me- 
dians have a log-normal distribution. No diurnal variation was ob- 
served. Probability distributions of signal amplitude based on 30- 
second samples were most commonly Rayleigh although some sig- 
nificant departures from this law did occur. A study of the time varia- 
tion of the 30-second median shows the standard deviation of these 
medians five minutes apart to be about 1 db, and thirty minutes apart 
to be 2.6 db. The same type of analysis is also performed on the 
hourly medians. A diurnal variation is observed in the fading, with 
the midafternoon rate being almost twice that recorded during the 
early morning. Pulse distortion and meteorological correlations are 


_ discussed qualitatively. 


I. INTRODUCTION 


N April, 1955, the National Research Council of 
if Canada established a radio link between Ottawa 
and Toronto. The link was operated on a frequency 
of 2720 mc from April, 1955, to December, 1956. The 
purpose of the link was to determine some of the param- 
eters involved in the transmission of radio waves at a 


* Manuscript received by the PGAP, June 13, 1958; revised 


manuscript received, January 19, 1959. J 
+ Radio and Elec. Eng. Div., National Res. Council, Ottawa, 


Can. 


microwave frequency to distances far beyond the hori- 
zon. No attempt was made to transmit information over 
the link. 

In this paper are reported data on hourly median- 
signal level and its variation with time of day and with 
the season, and on the probability distribution of fading 
amplitudes. The time variation of median levels of two 
different time bases is shown. The fading-rate distribu- 
tion and its diurnal variation are also reported. Finally, 
a brief discussion of pulse shape and meteorological cor- 
relations are included. 

A considerable experimental effort was made with an 
antenna array of variable aperture. This feature of the 
experiment will form the subject of a later paper. 


Il. THE TRANSMISSION PATH 


The transmitter was located at Ottawa (45° 26’9’’ N, 
75° 36’ 42’’ W) and the receivers at Toronto (43° 42’ 
44!’ N, 79° 14’ 04’’ W) 215 miles away. The intervening 
land is rolling, heavily wooded, and well interspersed 
with lakes. The last 15 miles of the path are over water. 
The path lies over Lake Ontario and parallel to the 
shoreline for this distance. 

The path profile is shown in Fig. 1. The transmitter 
was located on an 85-foot tower and the path is clear of 
obstructions. The tangent to the earth’s surface is about 
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3 minutes of arc below the horizontal. During the first 
five months (April to September, 1955) of the experi- 
ment, the receiving antennas were mounted about 30 
feet above the immediate ground level. A grove of trees 
about 500 feet in front of the antenna presented an ob- 
struction such that the unobstructed line was about 1° 
above the horizontal. Early in September, 1955, the re- 
ceiving equipment was moved about 300 feet south 
towards Lake Ontario. From this vantage point an un- 
obstructed line of sight out over Lake Ontario was ob- 
tained. The antennas were mounted about 6 feet above 
the ground and about 50 feet back from the cliff over- 
looking the lake. From this point the land falls off at a 
steep angle to lake level, 350 feet below. The tangent to 
the earth’s surface from this second receiving location is 
below the horizontal, and the tangent lines from the 
transmitter and receiver intersect at 4600 feet above the 
general ground level at midpoint. 


PROFILE OTTAWA-TORONTO PATH 
4/3 EARTH 


So, 
% 
C 


° 20 40 60 80 100 120 140 160 180 
DISTANCE IN MILES 


Fig. 1—The Ottawa-Toronto path profile. 
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III. Equipment 


The transmitter was located in Ottawa on an 85-foot 
tower on the grounds of the Radio and Electrical Engi- 
neering Building of NRC (Fig. 2). The transmitter used 
a 4J35 magnetron with a nominal output of 500-kw peak 
pulse power. The pulse was 1 usec long and was emitted 
at a repetition frequency of 600 cps. The only modifica- 
tions made to the original and conventional radar 
transmitter were the addition of an automatic con- 
trol to turn the transmitter off for two minutes every 
half-hour for signal identification, and replacement of 
the original free-running multivibrator with a tuning 
fork to supply an accurate pulse repetition frequency. 

The transmitting antenna was a 6-foot diameter 
paraboloid with a double dipole waveguide feed. The 
antenna beamwidth was 4°. It was oriented to transmit 
horizontally-polarized waves. 

The receiving sites were located at the Scarborough 
Field Station of the National Research Council on the 
eastern edge of Toronto. At the site used during most 
of the experiment, the antennas were mounted with 
their centers about 6 feet above the immediate ground 
level (Fig. 3). The receiving equipment was located in a 
small hut about 50 feet from the center of the antenna 
array. Two different types of receiver were used during 


Fig. 2—The 85-foot transmitter tower. The 6-foot paraboloid 
on the left is directed towards Toronto. 


Fig. 3—The receiving site. Two adjacent antennas in the array 
of six were paralleled to form the receiving antenna. 


the experiment, although both had a crystal mixer, 
30-mc IF amplifier, diode detector, pulse stretcher, nar- 
row-band 600-cycle amplifier (the pulse repetition fre- 
quency) de amplifier, and recording meter driver. Only 
one receiver of the first type was available. Two receiv- 
ers of the second design were used, and these differed 
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from the first in the addition of a low-noise 30-me pre- 
amplifier situated at the antennas, and various minor 
improvements. 

During the period from April, 1956, to September, 
1956, the antennas and _ receiving equipment were 
mounted on the roof of the main building at the Scar- 
borough Field Station. This was about 30 feet above 
immediate ground level. As mentioned above, there was 
a reduction in signal level due to trees located about 500 
feet in front of the antennas. A number of experiments 
were performed to determine the difference in median 
signal level between these two locations. Results varied 
between 3 and 5 db, and consequently, a correction of 
4 db has been applied to values of median-signal level 
obtained at this first site. The only results of measure- 
_ ments made at this first site and reported here are those 
of hourly median signal level. 


TABLE I 


Site Receiver Type I 


I April 1, 1955 
September 11, 1955 — 


Receiver Type II 


II September 11, 1955 


November 30, 1955 
November 30, 1955 


November 30, 1956 


Table I shows the periods covered by the various com- 
binations of two sites and two receiver types. It may be 
seen that a full year’s operation was obtained at the 
_ second site with the second type of receiver. 
_ The receiving antenna array consisted of six 4-foot 
paraboloids with double dipole waveguide feeds. They 
were placed in a line horizontally at right angles to the 
propagation path (see Fig. 2). Any number of these an- 
tennas could be connected together through a specially 
designed paralleling unit. The result was that an an- 
-tenna was obtained whose aperture could be varied in 
one dimension in 4-foot steps between 4 and 24 feet. 
_ For the routine measurements of median-signal level, 
two antennas in parallel were used, providing an an- 
-tenna of dimensions 4 feet by 8 feet. 
The routine measurements were made with an output 
time constant of 4 seconds on an Esterline-Angus re- 
corder operating at a speed of 3 inches per hour. A two- 
channel Brush recorder was operated from time-to-time 
throughout the experiment; and between about the mid- 
dle of July, 1956, and November 30, it operated auto- 
- matically, 40 seconds every half-hour. A totalizer, which 
determined the percentage of time each of 15 preset 
levels was exceeded during a 10-minute interval, was 
also operated automatically every half-hour during most 
of this same period. 

Transmitter power was measured daily during the 
initial stages of the experiment. At no time was the 
power found to vary as much as 1 db, and the power was 
measured only once or twice a week. Receiver calibra- 
tions were performed at least once a day, and for the 
greater part of the experiment were taken twice a day. 


Doherty and Neal: A 215-Mile 2720-MC Radio Link 


119 


IV. HourLty MEpIAN OBSERVATIONS 


Hourly median-signal levels were taken from the 
Esterline-Angus charts for every hour of observation. 
These hourly medians were estimated by eye from the 
chart record. As mentioned earlier, these recordings 
were made with a 4-second time constant to reduce the 
amplitude of fading. The estimates of the median were 
repeatable at different times and with different observ- 
ers to better than 0.5 db under most circumstances. The 
exceptions were at times of signals near noise where the 
decibel scale is compressed, and at times of rapid signal 
level change. During times of rapid change in signal 
level, the concept of the hourly median is of little value. 
On rare occasions, short-term median-signal levels were 
observed to change by as much as 15 db within the 
period of an hour. 


JUNE 1956 — SEPTEMBER 1956 


DECEMBER 1955— 
NOVEMBER 1956 
JULY 1955- 
SEPT. 1955 


db BELOW FREE SPACE 


DECEMBER 1955— 
MARCH [956 


0-1 I 5 10 30 50 70 90 98 


PERCENT OF HOURLY MEDIANS EXCEEDING ORDINATE 


Fig. 4—Cumulative distributions of hourly medians. 


The cumulative distribution of hourly medians is 
shown in Fig. 4. The curves are plotted on normal prob- 
ability paper with “decibels below free space” as the ab- 
scissas. Consequently a straight line is indicative of a log 
normal distribution. The three curves representing 
Summer 1955, Summer 1956, and Winter 1955-56, are 
approximately straight lines of the same slope. The 
standard deviation for each of these curves is about 
3.5 db. The seasonal variation as measured from these 
curves at the 50 per cent values is 11 db between the 
summer of 1955 and the following Winter, and 14 db 
between the same Winter and the following Summer. As 
mentioned previously, the data for the Summers of 1955 
and 1956 were taken with different receivers at different 
sites. Greater assurance may be placed on the value of 
14 db for the seasonal variation although it is believed 
that the difference between these values is a real one. 
The medians of the hourly medians are 71 and 74 db 
below free space for the Summer months and 84 db be- 
low free space for the Winter months. The single full- 
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Fig. 5—Probability density distributions of hourly medians 
for July and October, 1956. 


year curve shown is far from straight and shows the in- 
fluence of the seasonal variation which is very large 
compared to the standard deviation during a single 
season. The median hourly median for the full year is 
79 db below free space. 

Fig. 5 shows the probability distribution of hourly 
medians during the two months July and October, 1956. 
The uniformity of propagation conditions during the 
summer months is evident in the narrow probability 
curve. The transition month, October, shows evidence 
of the intermingling of winter and summer conditions in 
the suggestion of a double peak in the probability curve. 

The diurnal variation of hourly median signal level is 
shown in Fig. 6 and Fig. 7. It is evident from these fig- 
ures that there is no significant diurnal variation of 
hourly medians within the percentile range 10-90 per 
cent. A slight dip in the June to September data during 
the middle hours of the day may be observed. It is not 
more than 1 db and probably is not significant. Since the 
diurnal variation is an outstanding characteristic of 
superrefraction, it is reasonably safe to draw the conclu- 
sion from these curves that superrefraction plays no 
significant part in the propagation over the path dis- 
cussed here. It is to be expected, of course, that if super- 
refraction ever is present on this link, it will make its 
presence felt at high percentile values. Fig. 6 and Fig. 7 
go only to the 10 per cent level, but the 5 and 3 per cent 
levels show—less positively because of a greater scatter 
—the same lack of diurnal variation. In spite of the 
failure to show up in the statistics, it did appear that 
occasionally a superrefraction signal was received. Seven 
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Fig. 6—Diurnal variation of hourly medians during Summer 1956. 
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Fig. 7—Diurnal variation of hourly medians during Winter 1955-56. 


times during the Summer of 1956 the receiver was satur- 
ated continuously for periods ranging from 15 minutes 
to 1.5 hours. This represented a signal level greater than 
58 db below free space. These few periods occurred with- 
out exception during the hours of darkness, or within 
two hours after sunrise. 


V.. PROBABILITY DISTRIBUTIONS OF THE 
SIGNAL AMPLITUDE 


Analysis of some short intervals (30 to 40 seconds), 
and of some medium intervals (10 minutes) was per- 
formed to determine the probability distribution of the 
amplitude of the received signals. The 30-second dis- 
tributions were obtained from a small number of Brush 
recorder tapes. Many more are available but have not 
been analyzed. The 10-minute distributions were ob- 
tained from the totalizer mentioned earlier. In this case 
about one-half of the available records were analyzed. 


A) 30-Second Distributions 


The length of the records discussed here varied 
slightly ;—the shortest is 27 seconds long, the longest 
39 seconds. Only ten days, distributed over nine months, 
are involved in this analysis, but it includes 106 separate 
30-second intervals. The Brush recorder tapes were not 
originally taken for the purpose of obtaining probability 
distributions, and consequently the amplitude range re- 
liably covered is limited, in some cases. It should be 
recognized that some of the data used here did not ex- 
tend beyond the 20 and 80 percentiles. 
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The cumulative distributions were plotted on Ray- 
leigh probability paper. Approximately 70 per cent of 
the graphs were such that a straight line could be fitted 
to them with confidence. The remaining graphs showed 
either evidence of two straight lines or an irregular 
scatter of points. Examples are shown in Fig. 8. 

If attention is confined to those graphs to which a 
straight line may easily be fitted, the majority have a 
slope near that of the Rayleigh distribution;—that is, 
_ the difference between the 10 and 90 percentiles differs 
by no more than 1.0 db from 13.4 db. On two of the ten 
days, however, the slope departed appreciably from the 
Rayleigh slope. The above-mentioned fading range fell 
_ to between 10 and 11 db in one case and between 9 and 
10 db in the other. A few isolated curves yielded fading 
ranges greater than 13.4 db. These apparently were the 
result of rapid change in the average signal level. The 
records taken a minute or two before, and a minute or 

two after, were in each case Rayleigh-distributed, but 
different in median level by two or three decibels. 

Only a few cases have been observed when the cumu- 
lative distribution curve could best be fitted with two 
straight lines, but in each case the order of the two slopes 
is such that the composite curve is concave upwards. 


B) 10-Minute Distributions 


A time totalizer was operated on one of the receivers 

from July, 1956, through the middle of October, 1956. 
_ It was not operated on a continuous schedule but was 
turned on automatically every 30 minutes for a period 
of 10 minutes. At the end of the 10-minute sampling 
period each of the 15 channels was read automatically 
and the readings recorded in turn on an Esterline- 
Angus recorder. Only the records made during the 
month of July and the first 18 days of August have been 
analyzed. 

The totalizer is an analog device and hence of limited 
accuracy. It cannot be used safely for indication of 
- levels outside the 10 and 90 percentiles. It was used 
consequently for determining the median-signal level 
and the fading range (the number of decibels between 
the 10 and 90 percentiles). 

The cumulative distribution curves plotted on Ray- 
leigh paper appear on the whole to be straight lines 
within the 10 to 90 percentiles. The percentages of 
graphs showing either an irregular scatter of points or 
evidence of two straight lines is considerably less than 
for the 30-second distributions. 

Fig. 9 shows the observed frequency distribution of 
fading ranges. The extremes observed are 7.5 db and 
18.5 db, while the median value of these 530 observa- 
tions is 13.4 db. This figure of 13.4 is identical with the 
fading range to be expected with a Rayleigh distributed 
signal. It is believed that a few of the very large fading 
ranges may be due to faulty operation of the totalizer. 
A more important number is probably due to aircraft 
reflections. Slow components of fading; 7.e., fading com- 
ponents of period of the order of 10 minutes, of sufficient 
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Fig. 8—Cumulative amplitude distributions of 30-second samples. 
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Fig. 9—Probability density distributions of fading range from 10- 
minute samples (fading range =decibel difference between 10 and 
90 percentiles), 


amplitude, would also result in fading ranges in excess 
of 13.4 db. Section VI-A gives evidence of such com- 
ponents with amplitudes of the order of 1 to 2 db. 

The occurrence of fading ranges less than 13.4 db is 
normally explained in terms of the addition to a Ray- 
leigh distributed signal of a component of steady signal. 
Fig. 10 has some bearing on this point. In this figure the 
10-minute median fading range has been plotted as a 
function of the time of day. Each straight line segment 
in this figure is the median value of the fading ranges 
observed on all days for which analyzed records are 
available during the two-hour period indicated. Some 
indication of diurnal variation of fading range is present. 
Statistically, a lower fading range was observed during 
the afternoon and early evening hours than during the 
night and early morning. If the data for the period 
0000-1000 hours are combined the median fading range 
is 13.8 db. For the period 1200-2000 hours it is 12.7 db. 
The number of fading range observations included in 
these evaluations of the median are 243 and 163, re- 
spectively. If this is a significant variation then the 
steady signal is more commonly present during the 
afternoon hours. 
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Fig. 10—Diurnal variation of fading range from 10-minute samples. 


VI. Time VARIATION OF THE MEDIAN SIGNAL 


Some analysis has been undertaken with the object of 
determining the nature of the variation with time of the 
median signal level. Two different bases for the medians 
were used; 30 seconds and 1 hour. In both cases the 
standard deviation of the change in signal level as a 
function of time was calculated. This standard deviation 
is defined as 


o(r) = 4 > Lu — Met art 


where M(t) is the median signal expressed in decibels at 
time ¢, and JN is the total number of differences summed. 
This method of correlation was used in preference to the 
more conventional product correlation, in part because 
the nature of the 30-second median data did not lend 
itself readily to the latter calculation, but primarily be- 
cause it was desired to have a direct measure in decibels 
of signals spaced in time. 


A) The 30-Second Median 


Median signal levels were determined from Brush 
recorder tapes 30 and 40 seconds long. These recordings 
were taken for another purpose, and consisted of sixteen 
series of recordings taken on sixteen days over a period 
of nine months. Each series consisted of a number of 
30-second recordings. The number of such recordings 
varied from a low of four to a high of twenty. The indi- 
vidual recordings were separated by intervals ranging 
from one minute to ten minutes, and no series of re- 
cordings occupied more than 83 minutes, and most were 
completed within 30 minutes. 

The difference, in decibels, in median-signal level, was 
obtained between each recording and every other re- 
cording of the same series. Each such difference had as- 
sociated with it a time difference which was the interval 
between the two readings. The standard deviation of 
these differences was then obtained as described above. 
The resulting standard deviations are then plotted 
vs time in Fig. 11. Starting with an interval of ten 
minutes, the data for two minutes were combined so 
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April 


that each point had very approximately the same 


weight. 
With only sixteen series of tapes included, the data, 


of course, are not necessarily representative. Only seven — 


of the series were longer than 15 minutes, and only five 
were longer than 40 minutes. 

A curve has been drawn, by eye, through the nouiee 
It may be noted that 5 minutes must elapse before the 
30-second median changes by one decibel. Even 30 
minutes later the median has changed by only 2.7 db. 
This, it must be remembered, is the standard deviation, 
and greater changes do occur on occasion. 


The data here are all derived from the same antenna 


and the same receiver. Consequently, as the time differ- 


ence forming the abscissas of Fig. 11 tends to zero, o — 
must tend to zero, since it is derived from the difference 


between two medians which in the limit become the 
same median. However, it is not unreasonable to assume 
that for sufficiently large time differences the same 
curve would have been obtained if one of the medians 
had been derived from a second spaced antenna and re- 
ceiver—the same time difference being maintained. For 
such a curve, however, the extension back to zero time 
interval would result in a nonzero intercept; 7.e., the 
medians recorded on spaced antennas are not necessarily 
equal. It is therefore suggested that the apparently nat- 
ural extrapolation of the curve of Fig. 11 back to zero 
time yields a standard deviation, for the ensemble of 
30-second medians, of 0.4 db. 


B) The Hourly Median 


The same general procedure was followed in determin- 
ing a measure of the time variation of the hourly median 
as was used for the 30-second median. A great deal of 
data were available for this calculation and consequently 
it could be done in more detail. The summation was 
originally taken over periods of one month, but in some 
cases two months data were combined. A total of seven 
months of data is shown in Fig. 12. For all months there 
is a consiserable stability in the signal level over short 
periods, and a remarkable similarity between the 
months. The difference between hourly-median signals 
one hour apart has a standard deviation of between 1.5 
and 1.8 db for those months shown. A marked differ- 
ence between the months shows up with greater time 
separations. The July-August curve reaches a plateau 
at about 12 hours. The February curve has very much 
the same characteristic, although the maximum stand- 
ard deviation is somewhat higher. In each case, of 
course, the plateau indicates no correlation between 
hourly medians greater than 12 hours apart, and the 
value of standard deviation agrees, as it must, with the 
standard deviation calculated for all hourly medians for 
the month. The December—January curve shows the 
presence of correlation in the hourly medians to time 
separations of the order of 48 hours. The plateau reached 
here is significantly higher. The data for March (not 
shown) are very similar to those for December—January. 
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Fig. 11—Standard deviation of 30-second medians as a 
function of time separation. 
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Fig. 12—Standard deviation of hourly medians as a 
function of time separation. 


The October curve shows no sign of leveling-off at a 
time separation of 240 hours. October is a transition 
month when the signal fluctuates, in a period of a few 
days, between Summer and Winter values. There is no 
evidence of a regular diurnal variation in these curves. 


VII. FApInGc RATE OF THE RECEIVED SIGNAL 


During the period July through November, 1956, a 
high-speed Brush recorder was in more or less continu- 
ously programmed operation. It was turned on auto- 
matically for 40 seconds every 30 minutes. This sam- 
pling period was arranged to fall within the 10-minute 
operation of the totalizer. The recorder was operated at 
a chart speed of 25 millimeters per second. It was a two- 
channel recorder and the outputs of the two receivers 
were recorded simultaneously. For fading rate investi- 
gations the record of a particular receiver was used 
whenever it was available. However, if for any reason 
the record of this receiver was unavailable or unreliable, 
the other receiver record was read without making any 
distinction in the data presented here. A total of 1699 
of these records has been analyzed for fading rate. This 
amounts to 23 per cent of the total half-hour periods 
during these five months. The data analyzed do, how- 
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Fig. 13—Diurnal variation of fading rate (one-half the average num- 
ber of crossings of the median during a 40-second period). 
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Fig. 14—Probability density distribution of fading rate. 


ever, vary in quantity from the separate months, rang- 
ing from a high of 36 per cent of the total half-hour 
periods during August to only 12 per cent during 
November. 

The fading rate as used in this analysis is defined as 
one-half the average number of crossings of the median- 
signal level during one second. The 40-second interval 
was chosen as a result of some experimentation with the 
sampling period. It is a generally satisfactory period for 
the fading rate observed, but is short for the lower 10 
per cent of the observations. 

The fading rates recorded during these five months 
show a strong diurnal variation, with the maximum 
fading rate being recorded at 1500 hours, and a broad 
minimum between midnight and 0900 hours. The 
median fading rate observed over two-hour periods 
covering the five months of record is shown in Fig. 13. 
The fading rate at 1500 hours is a factor of 1.9 greater 
than that obtained at 0300 hours. The number of ob- 
servations involved in the determination of each of these 
points varied from a high of 192 to a low of 87. 

Results of the five 2-hour periods comprising the 
minimum were combined and the density distribution of 
fading rate plotted in Fig. 14. Similarly, the four 2-hour 
periods, which included the highest fading rates, were 
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April 


Fig. 15—Sample photographs of received pulse. (Upper right—undistorted pulse; lower right—multiple 
exposure during fade). Time runs from right to left. 


combined and are shown on the same figure. For the 
period 0000-1000 hours, Fig. 14 shows the maximum 
probability of the fading rate lying in the range 0.4 to 
1.0 cps. Almost 50 per cent of the observations were in 
this range. The density distribution curve for the period 
1200-2000 hours has a maximum in the range 1.0 to 
1.6 cps, but is much less sharply peaked. 

It is appropriate to mention again that these fading- 
rate data are derived from observations made with a 
horizontal array of two 4-foot paraboloids. In another 
paper, in course of preparation, it will be shown that 
the fading rate depends upon antenna size. The fading 
rate decreases with increasing antenna size, although 
presumably only when the size exceeds some critical 
value. This critical value is itself a variable, but it is 
believed that for the particular antenna configuration 
used here this critical size is exceeded for the majority 
of the observations in the period 1200-2000 hours. The 
fading rates for a smaller antenna would be increased by 
a factor of the order of 25 per cent. If this argument is 
correct the diurnal variation would be even more pro- 
nounced for smaller antennas. 


VIII. Putsre Distortion 


The transmitter output consisted of 1-sec pulses ata 
repetition frequency of 600 pulses per second. The re- 
ceived pulses were observed routinely on an oscilloscope 
operated at a sweep speed of 2 cm per microsecond. A 


few photographs of the pulse display were taken, both 
with a single-shot camera and with a movie camera 
operated at 8 frames per second. 

Fig. 15 shows some sample photographs. (Time in- 
creases from right to left.) The sweep was triggered by 
the pulse and then the pulse was displayed after a 
z-msec delay. The upper right-hand photograph is as- 
sumed to be undistorted by the transmission medium. 
It has the shape expected after transmission of a 1-ysec 
pulse through a 2 mc-wide receiver. The two photo- 
graphs on the left are typical of the distorted pulse. 
All photographs of distorted pulses show what would 
appear to be a low amplitude second pulse on the 
trailing edge of the main pulse. From visual observa- 
tions of the oscilloscope it was possible to see on occa- 
sion the appearance of this second pulse on the leading 
edge of the pulse. It then traveled quickly forward 
across the pulse and dwelt momentarily in the position 
shown in the photographs. 

The presence of a distorted pulse was relatively rare 
—less than 5 per cent of the photographs showed any 
pulse distortion—but when distortion did occur it was 
always during the low-signal portion of the fading 
period. The photograph in the lower right of Fig. 15 
shows a multiple exposure on the same frame during one 
fade of the signal. In this case the undistorted shape of 
the pulse is maintained during the fade. This is the more 
common situation. 
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IX. METEOROLOGICAL CONSIDERATIONS 


No systematic attempt at meteorological correlations 
was attempted. Aside from the obvious seasonal corre- 
lation there was the equally obvious, and often repeated 
correlation between the flow of hot warm air from the 
south and high-signal levels, and the flow of cold dry 
air from the north and low-signal levels. Attempts to 
correlate the signal characteristics with frontal passages 

_as deduced from surface temperature and humidity, and 
from upper air winds—these were the only available 
Meteorological Service data—were unsuccessful except 
in the very obvious cases mentioned above. Qualita- 
tively, the passage of fronts across the propagation path 
results in a disturbed signal. Wide excursions (5 to 15 
db) of the short-term median level occur within the 
space of five or ten minutes. This is in marked contrast 

_to the usual stability of the signal as indicated in Section 
VI-A, where 1 to 2 db is the indicated variation over a 
10-minute period. Associated with the signal-level 
_ changes are changes in fading rate—usually there is a 

' noticeable increase in the rate, but not invariably. 


AUG.II 


Fig. 16—Fading rate and surface wind near midpoint of 
path plotted on the same scale. 


The diurnal variation of fading rate has been de- 
scribed in Section VII, and another aspect of this varia- 
tion is shown in Fig. 16. In this figure the observed 
fading rate is plotted vs time, and immediately be- 
low and to the same time scale is shown the surface 
wind as measured at Stirling, Ontario, which is situated 
very near the midpoint of the path. It may be noted 
that the first and third periods in Fig. 16 show the com- 
monly observed diurnal variation of surface wind. The 
fading-rate records for these periods show quite clearly 
- the same form of diurnal variation. No correlation cal- 
~ culations have been performed on these data, but it is 

quite clear that a correlation coefficient, close to one, 
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would be obtained, when a time advance of about two 
hours is applied to the fading-rate record. The middle 
period shows very little indication of any regular diurnal 
variation in wind, and there is a corresponding lack in 
the fading-rate record. Upper air wind measurements 
are taken three times a day by the Canadian Meteoro- 
logical Service at Trenton, Ontario, about 40 miles from 
the midpoint of the path. The data are insufficient for a 
proper analysis, but there is no obvious correlation be- 
tween the wind speed at 5000 feet (the approximate 
height of the intersection of the earth tangents from 
transmitter and receiver) and the fading rate. 


X. Discussion 


The signal level recorded on this 2720-mc, 215-mile 
transmission path does not depart appreciably from 
those reported by others for the same frequency and 
distance range. Bullington,! and Gerks,? for example, 
give values between 70 db and 80 db below free space 
for microwave frequencies at this distance. This is to 
be compared with the yearly median of 79 db below 
free space recorded here. The seasonal variation of 14 db 
observed is in general agreement with those reported 
elsewhere, although Chisholm, ef al. have reported 
variations greater than 20 db. 

There is little or no evidence of a diurnal variation of 
signal level on the Ottawa-Toronto path, and there is 
no reason to believe that superrefraction had any sig- 
nificant role to play in the transmission. 

The results of signal amplitude distributions show 
what appears to be significant departures from the 
Rayleigh distribution expected from scattering theory. 
An appreciable fraction of the 30-second distributions 
has fading ranges less than the 13.4 db of the Rayleigh 
distribution. The sample is small and, although the ten 
days on which these records were taken were scattered 
over a period of nine months, the meteorological condi- 
tions may not be representative. On the other hand, the 
10-minute distributions show fading ranges both greater 
and less than Rayleigh. This has also been reported by 
Bullington, Inkster, and Durkee.‘ It should of course be 
possible to explain the 10-minute distributions in terms 
of the 30-second distributions, and their time variation. 
The existence of fading ranges less than 13.4 db is com- 
mon to both sampling periods and is, in this sense, 
understandable. There are no 30-second distributions 
with fading ranges greater than 13.4 db, and hence 
their presence among the 10-minute distributions must 
be explained in terms of the time variation of short- 


1K, Bullington, “Characteristics of beyond-the-horizon radio 
transmission,” Proc. IRE, vol. 43, pp. 1175-1180; October, 1955. 

21. H. Gerks, “Factors affecting spacing of radio terminals in a 
UHF link,” Proc. IRE, vol. 43, pp. 1290-1297; October, 1955. 

3 J. H. Chisholm, P. A. Portmann, J. T. deBettencourt, and J. F. 
Roche, “Investigations of angular scattering and multipath prop- 
erties of tropospheric propagation of short radio waves beyond the 
horizon,” Proc. IRE, vol. 43, pp. 1317-1335; October, 1955. 

4K. Bullington, W. J. Inkster, and A. L. Durkee, “Results of 
propagation tests at 505 mc and 4090 mc on beyond the horizon 
paths,” Proc. IRE, vol. 43, pp. 1306-1316; October, 1955. 
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term median signal. A change in 30-second median sig- 
nal of 1 or 2 db within a 10-minute period has been re- 
ported in Section VI-A. This is sufficient to explain 
small increases in the 10-minute fading range. Here 
again the small sample of 30-second medians is restric- 
tive. It is possible that considerably greater variations 
in this median occur on occasion. Aircraft reflections 
also provide another source of change of signal level 
which would lead to fading ranges greater than 13.4 db. 
It was not possible to eliminate from the automatic 
totalizer operation the cases where these reflections were 
present. They were eliminated from the Brush records, 
which yielded the 30-second medians. 

The observation of fading ranges less than 13.4 db on 
both the 30-second and 10-minute records suggests the 
presence of a steady component of signal. The existence 
of a diurnal variation in fading range is indicated by the 
data of Section V-B. The nature of this diurnal varia- 
tion is not such as to permit identification of this steady 
signal with a superrefracted signal. Further, the 30- 
second observations yielding fading ranges of the order 
of 9 to 11 db were daytime observations. It would ap- 
pear that some mechanism such as layer reflection is 
necessary to explain these data. 

The time variation of the 30-second median may be 
used to determine to what extent the propagation proc- 
ess is stationary in a statistical sense. The sample is 
small and the deviations forming the sample are large, 
but the data do provide some measure of the time 
variability of the median signal. If the standard devia- 
tion of the ensemble of 30-second medians is 0.4 db, as 
suggested, then an appreciable percentage of the power 
spectrum of fading is contained in the frequencies of the 
order of 1/30 cps and slower. 

The study of the time variation of the hourly median 
has shown an important difference in the time correla- 
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tion of these medians between different months of the - 
year. Correlation between hourly medians exists for only — 
about 12 hours during July and August, but for about 48 
hours during December and January. This latter period — 
would be of the order of the average duration of an air 


mass over the propagation path. Some correlation be-— 


April 


) 


es 


tween hourly medians exists as long as the transmission ~ 
is through the same air mass. The absence of this effect — 
during July and August must be because-there is no — 


significant difference, propagationwise, 


between air 


masses during July and August. A different factor is 
evident in the October data where no plateau is reached — 
with time separations as great as ten days. These curves — 


point up the problem of correlating signals with me- 


teorological measurements. There will be rare instances 


which are masked by these statistics, but, in general, 


there is little hope during July and August of improving — 


on the statement that tomorrow’s signal will be the © 


same as today’s and last week’s. Attempts at meteoro- — 
logical correlations should presumably start with some 


transition month, such as October. In July and August © 


changes in signal level are completed within 12 hours 


and the meteorological changes must be relatively minor — 


and small-scale compared to October where the time 
element is extended to at least ten days. 
The fading rate has been shown to have a diurnal 


variation and to be correlated with surface wind at mid- — 


point of the path. On any scattering theory basis there 


should not be any direct relationship between surface — 


wind and facing rate. The surface wind is, in part, a 
measure of the hydrostatic instability of the atmos- 
phere, and thus a measure of higher turbulent velocities 
aloft. The 2-hour lag of the fading rate maximum be- 


hind the wind maximum presumably is due to the delay 
in transferring the turbulent energy from ground level — 


to 5000 feet. 


a 
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Preliminary Results of 400-MC Radar Investigations of 
Auroral Echoes at College, Alaska* 
R. L, LEADABRAND}, L. DOLPHIN}, anp A. M. PETERSON} 


: aki Loder ie of Sioa investigations of auroral ionization an understanding of the mechanism of auroral reflec- 
at a frequency of 398 mc are described. The radar detected auroral : isti 
echoes at College, Alaska (near Fairbanks), even when the line of Honsilbers characte asus eet rises pes sete 
sight from the transmitter does not intersect the earth’s magnetic more complete understanding of auroral eter Cian 
field lines at perfect perpendicular incidence. The auroral echoes the wavelength dependence of the reflection mecha- 
were observed with off-perpendicular intersection angles as great nism, aspect sensitivity, amplitude fluctuations, and 
a requirement for near-perpendicular intersection of the Doppler shifts. It is for the purpose of determining 
_ radar ith 2 i i vet 
eam with the earth’s magnetic field is therefore met. these characteristics at UHF that Stanford Research 


The auroral echoes at 398 mc were seen frequently. Occasionally : : Pree 
they were very strong; those of highest amplitude were as much as Institute undertook the investigation of auroral reflec- 
_ 27 db above the receiver noise level. The echoes were detected over tion at frequencies of 200 and 400 me. At this writing, 


a relatively large echoing region corresponding to bearings within only preliminary results at 400 mc are available. 
_ £45° of geomagnetic north, and elevation angles of 0°-17°. Other similar UHF studies have been in progress at 
Two types of auroral echoes were observed—discrete and diffuse. t}e Defence Research Board,® Ottawa, Canada and at 

_The discrete echoes corresponded roughly to reflecti f i : ; eae ‘ 
is eg ec echon eS Oee al Tincotn Laboratory, Massachusetts Institute of Tech- 


_ auroral forms seen at night. The diffuse echoes corresponded to re- : ahr. 
-flections from a large echoing region that apparently existed most nology. The results of these other studies will differ from 


often during daylight hours. Estimates of the wavelength, \, de- the SRI results because of the different locations of the 
pendence of auroral echo power, although quite crude, are deduced auroral radar equipments. The SRI radar, located at 
as 1° for the radar site at College, Alaska, and )* for sites where College, Alaska, is 100 km south of the maximum of the 

’ ? 


perpendicular reflection can be obtained. : ; 
auroral zone, and visual auroras are seen frequently in 
all directions from the radar. 


INTRODUCTION 
HIS REPORT was written to describe the pre- EQUIPMENT 
liminary results of radar investigations of auroral The characteristics of the radar used to detect the 


ionization at a frequency of 400 mc at College, 4 yroral reflections are listed in Table I. 
Alaska (geomagnetic latitude 65° north). 


Studies of radar reflection from auroral ionization TABLE I 
have been numerous for frequencies in the HF and VHF CHLANOAIC: PGi Cu RACER RIGHICS 
-ranges.!~7 None of the studies referenced has been ex- 
“tended into the UHF range. Also, none of the referenced er power eo a more 
e : : phase verage power w (maximum 
studies has allowed the precise determination of those Datos ie 36 db (olsiook deine steerable, 
: isti lionization that are essential to parabolic reflector 
characteristics of aurora aN Ri es jp rcaole yet) ee 
E. and H planes 
ci Frequency 398 He 
: A : : : i ise figure 6.5 d 
* Manuscript received by the PGAP, April 17, 1958; revised Receiver noise fig ’ 
manuscript fed: January 2, 1959. The work described in this reas peer Rie peas ke 
_ paper was made possible by an SRI contract with U. S. Air Force Aira aauns ao ec he ae ane watts ; 
Rome Air Dev. Center. The experiments described were conducted sak oo ane eradar cross | 0.03 meter square 
at the Geophysical Institute, University of Alaska. T sec at a oe m ghee 
+ Stanford Research Institute, Menlo Park, Calif. , ie ae ing condity sath 
1L, Harang and B. Landmark, “Radio echoes observed during Pulee wi and ang HS 
“aurorae and geomagnetic storms using 35- and 74-mc/s waves simul- ulse repetition Irequency 
taneously,” J. Atmos. Terrest. Phys., vol. 4, pp. 332-338; 1954. 
; P. A. Forsyth, “Radio measurements and auroral electron 
“densities,” J. Geophys. Res., vol. 58, pp. 53-66; 1953. The following types of displays were available: 
3K. Bowles, “Some Recent Experiments with VHF Radio Echoes 
‘from Aurora and Their Possible Significance in ne Bean of Me 1) A-scope. 
> ° ” ° .Eng., y : ; ‘ : 
ers 2). B-seope (eange-azimuth) with amplitude intensity 
4B. Dyce, “Communication Aspects of VHF Auroral scape il modulation. 
; a ee i958 School of Elec. Eng., Cornell University, !thaca, 3) Rahoeclevation Pe ourads eusteraibantee 
N. Y.; June 1, : =F J : 
_ 8G, Hellgren and J. Meos, “Localization of aurorae with 10-m tion. 
high-power radar technique using a rotating antenna,” Tellus, vol. 3, 
. ed ised kd “Radio Echoes from Auroral Ionization De- ‘ F 
tected at Relatively Low Geomagnetic Latitudes,” Tech. Rep. 98, : el cee Ror eeel Meet mene Be Pia anes Me 
i i i : 5. Res., vol. 62, pp. 52/-546; = 
-DA-04-200-ORD-181, Radio Propagation Lab., Stanford Univ., ea ae ions, eophy pp 


aire re Aree “Radio reflections from aurorae,” ’ Comments on previous paper by Canadian Defence Research 
"J. Atmos. Terrest. Phys., vol. 5, pp. 189-200; September, 1954. Board, Ottawa, Ont., Can. 
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GEOMETRY OF RADAR SITE 


The location of the radar at College, Alaska, was such 
that the auroral zone maximum was only 100 km to the 
magnetic north of College. This location made it im- 
possible for a line of sight from the radar to intersect 
the earth’s magnetic field lines at right angles within the 
E layer. Calculations of the off-perpendicular contours, 
based on a dipole magnetic field, were made for heights 
of 80, 90, 100, 110, 120, 130, 140, and 150 km and are 
shown in Figs. 1-8. It may be seen that the closest-to- 
perpendicular intersection that is possible for a height 
of 100 km is 1.6°. For lesser heights of reflection, the off- 
perpendicular angle may be less (at 80 km, as small as 
0.1°). At greater heights, the off-perpendicular angles 
are larger (the minimum off-perpendicular angle pos- 
sible for a height of 150 km is 4.8°). 


RESULTS 


In general, two types of auroral echoes were seen 
with this radar—termed “discrete” and “diffuse” by the 
authors for reasons mentioned later in this report. The 
“discrete” echoes corresponded to reflection from visual 
auroral displays seen within +95° of general magnetic 
north during the hours of darkness. The “diffuse” auroral 
echoes were seen when no visual auroras were detectable 
due to daylight. In general, the “diffuse” echo corre- 
_ sponded to reflections from a much larger echoing region 
than was commonly seen visually in the aurora. In the 
following detailed description of the results, the words 
“discrete” and “diffuse” are used to describe the two 
different types of echoes observed. 


Range 


The range of the auroral echoes depends upon the 
elevation angle of the antenna. The ranges varied be- 
tween 1100 km and 400 km. A range histogram is 
shown in Fig. 9. When the antenna was pointed at low 
elevation angles near the horizon, the echoes were at 
the greatest range; when pointed at high elevation 
angles (up to 17°) the echoes were at the shortest range. 
The echoes were found most often at ranges between 500 
and 900 km. This phenomenon is discussed in the sec- 
tion on geometry of reflection. 


Depth of Range 


The discrete echoes are 100 km deep in range using a 
transmitter pulse width of 400 usec. The diffuse echoes 
are at times spread as much as 200-300 km in range. An 
A-scope display of a single discrete echo is shown in 
Fig. 10 and a display of a double echo in Fig. 11. Both 
types of auroral echoes occurred frequently. In general, 
the discrete echoes are found at antenna bearings, ele- 
vation angles and ranges corresponding to reflections 
from a single homogeneous auroral arc. The diffuse 
auroral echoes were found at all ranges (400-1100 km) 
depending on the elevation angle of the antenna and 
the height of auroral ionization. 
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” 
Bearings | 

The bearings of the auroral echoes were found to vary } 
from as much as 50° west to 50° east of geomagnetic — 
north. Plots showing the locations of auroral reflectors — 
for two particular nights are shown in Figs. 12 and 13. 
At times, diffuse auroral echoes were detected at all 
antenna bearing angles between these limits. See, for — 
example, the shaded area in Fig. 14. In no case were — 
auroral echoes detected when looking at bearings out-— 
side these limits, even though visual auroras were seen 
frequently in these directions. ; 


Elevation Angles 


Auroral echoes were detected at elevation angles be- © 
tween 0° and 17°. The majority of the echoes were de- — 
tected at elevation angles around 5°. At this elevation — 
the intersection angle between a transmitted ray and — 
the earth’s magnetic field lines was nearest 90°. 


Strength 


The strength of the auroral echoes was found to vary — 
within wide limits. The maximum strength of any echo ; 
detected was 27 db above the receiver noise level fora dis- — 
crete echo. The majority of the echoes, however, were 
weaker. In general, the diffuse echoes were weaker than — 
the discrete echoes. 


Times of Occurrence 


The auroral echoes were detected most frequently 
during the evening hours (approximately 1900-2300 
AST) and during the early morning hours (0500-0800 
AST). Auroral echoes have also been seen as late as 1100 
in the morning and as early as 1400 in the afternoon. 
During the period of operation (March, April, and May, 
1957) the discrete echoes were observed during the times _ 
of darkness and, hence, were seen very seldom during © 
May. The diffuse echoes were, however, seen throughout 
this period during daylight hours. 


Duration of the Echoes 


In general, the discrete auroral echoes detected were 
short-lived. That is, any particular echo lasted only a 
few minutes. The diffuse echoes, on the other hand, 
sometimes persisted for as long as several hours with 
relatively little change in the echo pattern. 


DISCUSSION OF RESULTS 
Height of Reflection 


The height of reflection was determined by making 
use of the 3° antenna beamwidth in elevation (3° be- 
tween half-power points). By measuring the range and 
the elevation angle at which the echoes occurred, it was 
possible to calculate the effective height of the auroral 
reflector. Figs. 15 and 16 are histograms which indi- 
cate the height of auroral echoes for two nights, March 
24 and 26, 1957, respectively. Typical range-elevation 
angle displays of discrete echoes are shown in Figs. 
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Fig. 1—Contours of off-perpendicular intersection angles 
for 80-km reflection height. 
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Fig. 3—Contours of off-perpendicular intersection angles 
for 100-km reflection height. 
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Fig. 5—Contours of off-perpendicular intersection angles 
for 120-km reflection height. 
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Fig. 2—Contours of off-perpendicular intersection angles 


for 90-km reflection height. 
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Fig. 4—Contours of off-perpendicular intersection angles 


for 110-km reflection height. 
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Fig. 6—Contours of off-perpendicular intersection angles 
for 130-km reflection height. 
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Fig. 8—Contours of off-perpendicular intersection angles 
for 150-km reflection height. 
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Fig. 9—Relative occurrence of auroral echoes as a function of range. 
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Fig. 10—A-scope display of an auroral echo. Fig. 11—A-scope display of a double auroral echo. 
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Fig. 13—Position in azimuth and range of auroral 
reflection centers on March 24, 1957 : i : 
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Fig. 15—Relative occurrence of auroral echoes as a function of Fig. 16—Relative occurrence of auroral echoes as a function of 
height of reflection on March 24, 1957. height of reflection on March 26, 1957. 
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Fig. 17—Range-elevation angle display of an Fig. 18—Range-elevation angle display of an 
auroral reflection at 398 mc. auroral echo at 398 mc. 
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io. 19—Relative occurrence of auroral echoes as a function of 
Us height of reflection for March 24 and 26, 1957. 
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Fig. 22—Range-azimuth angle display of an auroral echo at 398 me, 


17 and 18. The auroral echoes were seen with heights 
of reflection as low as 75 km and as high as 135 km. 
On one occasion, an echo was detected at a 2° ele- 
vation angle and 600-km range, which corresponded 
to a height of reflection of 50 km. It is felt that tropo- 
spheric bending could not explain this apparent low- 
height reflection. It can be seen in the histogram of Fig. 
19 (a composite of the observations on March 24 and 
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Fig. 23—Geometry of reflection from an auroral arc. 


26), however, that the majority of the reflection heights 
fall in the region of 100-110 km. Refraction was not 
taken into account in the preparation of this histogram. 
Range was read from the leading edge of the echo pulse 
and elevation angle was obtained for the elevation 
giving the strongest echo. These factors were used to 
compute height and all calculated heights were divided 
into 5-km groupings for plotting purposes. 


Location in Space of Auroral Ionization 


Discrete Echoes: The discrete type of auroral echo in 
most cases corresponds to reflections from an auroral 
arc that lies along a geomagnetic latitude line. By vary- 
ing the antenna elevation angle as one varies the an- 
tenna bearing, it is possible to obtain reflections from 
an auroral arc extending from horizon to horizon over a 
bearing-angle separation spread of approximately 60°. 
However, if the antenna elevation is kept constant and 
anly the bearing of the antenna is changed, it is possible 
to trace out an auroral arc on the radar indicator over a 
limited bearing angle, as shown in Figs. 20-22. In this 
case, the auroral echo detected in the direction of mag- 
netic north corresponds to reflections from the lower 
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Fig. 24—Height of reflection as a function of azimuth angle 
for the auroral echo shown in Fig. 20. 
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Fig. 26—Height of reflection as a function of azimuth angle 
for the auroral echo shown in Fig. 22. 


edge of an auroral arc, with echoes at bearing angles 
away from magnetic north coming from a higher posi- 
tion on an auroral arc, as shown in Fig. 23. The range- 
azimuth displays shown in Figs. 20-22 are examples of 
this characteristic. 

Several azimuth sweeps at appropriate elevation 
angles can measure the vertical extent of auroral ioniza- 
tion. By scaling the range and elevation angle of the an- 
tenna from these scans, it is possible to obtain the 
height of the auroral reflection as a function of azimuth 
angle. Figs. 24-26 are plots of the height of reflection 
for the range-azimuth presentations in Figs. 20-22, re- 


Leadabrand, Dolphin, and Peterson: Radar Investigations of Auroral Echoes 


133 


HEIGHT IN KM 


PICTURE NO. 8 
8 APRIL 1957 
214 AST 


8° ELEVATION 


40 10 (0) 10 


AZIMUTH IN DEGREES 


30 20 : 
Eas* 20west” 40 


Fig. 25—Height of reflection as a function of azimuth angle 
for the auroral echo shown in Fig. 21. 


spectively. Refraction corrections have been ignored. 
These plots.describe the variation of reflection height 
with bearing angle mentioned above and define the 
vertical extent of the auroral ionization. 

Diffuse Echoes: Diffuse auroral echoes may be de- 
tected over wide ranges of bearing angles, elevation 
angles, and ranges. On one occasion they were detected 
within the following limits: 


45° west to 35° east of magnetic north 
0° to 17° elevation 
400-1100 km range. 


This corresponds roughly to the area shown in Fig. 14. 
Another interesting feature of the diffuse auroral echo 
is illustrated in Figs. 27 and 28, which show a series 
of range-elevation angle scans with the antenna at 
various bearing angles. As seen in Figs. 27 and 28, 
the diffuse auroral echoes vary within wide limits of 
range, corresponding to wide ranges of elevation angle. 
Calculating the height of the reflector as a function of 
range, it was found that reflection did not occur at con- 
stant heights. Instead, as shown in Figs. 29 and 30, 
the height of reflection was at approximately 80-90 km 
for the longer-range echoes and at 120-130 km for the 
shorter-range echoes. Fig. 31 illustrates this effect. In 
addition, it is interesting that by calculating the height 
of the trailing edge of the echo for all ranges, Figs. 32 
and 33, the trailing edge of the echoes corresponds 
to constant reflection height. The cause of this is not 
completely understood, but is thought to be an effect of 
the particular reflection mechanism. 


Off-Perpendicular Reflection Angles 


Comparing observations with the off-perpendicular 
contours shown in Figs. 1-8, it may be seen that those 
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Fig. 27—Range-elevation angle display of a diffuse type 
of auroral echo at 398 mc. 
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Fig. 29—Height of reflection as a function of range for the 
auroral echo shown in Fig. 27. 
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Fig. 31—Geometry of reflection for a diffuse type of auroral echo. 


auroral echoes occurring at greater heights also occur at 
greater off-perpendicular angles, and those auroral 
echoes occurring at lower heights in general occur at 
more nearly perpendicular reflection angles. 

For the diffuse auroral echoes shown in Figs. 27 and 
28, which change the height of the reflection with ele- 
vation angle, the off-perpendicular reflection angle is 
much greater at the higher elevation angles than it is at 


the lower elevation angles, as shown in the plots of 
Figs. 34 and 35. 


Fig. 28—Range-elevation angle display of a diffuse type 
of auroral echo at 398 mc. 
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Fig. 30—Height of reflection as a function of range for the 
auroral echo shown in Fig, 28, 


Reflection Mechanisms 


The reflection mechanism of auroral echoes is not 
completely understood, although numerous papers on 
the subject have been written.*—7 In general, the echoes 
are seen in the direction of magnetic north, where near- 
perpendicular reflection from ionization aligned with the 
earth’s magnetic field line occurs. Thus, one would sus- 
pect that the reflection mechanism is similar to that 
proposed by many others—near-specular reflection from 
small cylindrical columns or elongated blobs which have 
a relatively high length-to-diameter ratio and which are 
in alignment with the earth’s magnetic field. A search 
for echoes in other bearings and elevation angles sup- 
ported this theory. At times considerable aurora was 
visible to the magnetic south from Fairbanks and at 
those times the antenna was pointed at the proper bear- 
ing and elevation angle to illuminate the auroras with 
radio energy. However, no auroral echoes were seen. At 


eo ee ee eee nee Pe ee ke 


ro 


— 


— 


1959 


HEIGHT IN km 


PICTURE NO 43 

8 APRIL 1957 

0649 ALASKAN STANDARD TIME 
Az 50° 


te) 500 
RANGE IN km 


1000 1500 


Fig. 32—Height of trailing reflection as a function of range 
for the auroral echo shown in Fig. 27, 
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Fig. 34—Off-perpendicular intersection angle as a function of 
range for the auroral echo shown in Fig. 27. 


times when brilliant coronas were visible overhead, the 
antenna was pointed at these brilliant patches and again 
no auroral echoes were seen as would be expected from 
the column reflection theory. The theory that long 
cylindrical columns provide the reflection mechanism of 
the aurora seems to fit in general; however, there are 
several specific cases in which it does not appear to fit 
too well—namely, the case of the diffuse auroral echoes 
which appear to change reflection height with a change 
in the intersection angle between the transmitted ray 
and the earth’s magnetic field line. For such echoes, 
present theories of auroral scattering do not hold.?° 
In order to estimate the wavelength dependence of 
auroral echoes at College, the 106-mc results obtained 
in 1955 by Bowles’ are used together with the 400-mc 
SRI results. The maximum detected auroral echo power 
seen by Bowles was 10~° watts. The transmitter peak 
power was 100 kw and the antenna gain was 21 db. 
Comparing these characteristics and results with the 
398-mc radar characteristics and the maximum auroral 
echo power detected of 5X10~™ watts, the following 


comparison may be made: 


10 H. G. Booker, C. W. Gartlein, and B. Nichols, “An Interpreta- 
tion of Radio Reflections from the Aurora,” School of Elec. Eng. 
Cornell University, Ithaca, N. Y., Tech. Rep. 14: August 27, 1953. 
See also J. Geophys. Res., vol. 60, pp. 1-22; March, 1955. 
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Fig. 33—Height of trailing edge reflection as a function of 
range for the auroral echo shown in Fig. 28. 
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Fig. 35—Off-perpendicular intersection angle as a function of 
range for the auroral echo shown in Fig. 28. 


106 mc 398 mc db difference 
Transmitter power 100 kw 50 kw — 3db 
Antenna gain (one way) 21 db 36 db +15 db 
Maximum detected auroral 
echo power 10° watts 5X10“ watts +43 


Thus, in going from a frequency of 100 mc to a fre- 
quency of 400 mc at College, over 55 db are lost due to 
the wavelength dependence of the reflection mechanism 
and the aspect sensitivity. This leads to the following 
crude wavelength dependence in the radar equation for 
the College site: 


Pr x PrXv! 


There are, however, many questionable factors in 
establishing wavelength dependence on the results of 
only these two experiments. For example: 


1) Did the aurora seen at 100 mc have the same in- 
tensity as the aurora seen at 400 mc several years 
later? 

2) Did the aurora at 100 mc fill the entire beam of the 
antenna (20° by 25°) as it most likely did at 400 mc 
(3°)? (The preceding comparison assumed that it 
did fill the beam at both frequencies.) Unless these 


11R, K. Moore, “Theory of radio scattering from the aurora,” 
IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-3, pp. 217-230; 
August, 1952. 
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experiments are repeated with both equipments 
operating simultaneously with antennas of equal 
beamwidths, the answers to these questions will be 
difficult to obtain. 


Further evidence for the \!° proportion for auroral 
echo power can be obtained by using the 210-mc Col- 
lege” results, which were negative; that is, a search for 
echoes was made but none were seen. The character- 
istics of the College 210-mc auroral radar are: 


Transmitter peak power, 50 kw 

Pulse length, 50 us 

PRF, 120 cps 

Antenna gain, 22 db 

Receiver noise figure, 10 db 

Receiver bandwidth, 20 kc 

Minimum detectable power, 2 X10~** watts. 


By comparing the results and equipment at 400 mc 
with those at 210 mc, using the auroral radar equation 
(Pr « Prd") it isfound that the maximum auroral echo 
power which may be detected is only 8 db above the 
210-mc radar receiver noise level. Thus, it is not un- 
reasonable to suspect that auroral echo observations at 
210 mec were never made during a time of auroral ac- 
tivity sufficient to produce echoes. Therefore, it is in- 
terpreted that the 210-mc negative results roughly sup- 

port the \1° dependence previously derived. 

In order to determine the degree of aspect sensitivity 
of the auroral echoes, the following comparison between 
the Canadian results? and the SRI results was made. 
The Canadians have detected auroral echoes at 488 mc 
using 10 kw of power and two 28-foot dishes, one for 
receiving and one for transmitting. The maximum echo 
detected was 50 db above KTB (noise figure, 5 db). 
Normalizing the equipment factors, it is found that the 
Canadians received echoes 30-35 db in excess of the 
SRI auroral echoes detected at College, Alaska. This 
gives a rough measure of the aspect sensitivity of the 
auroral echoes, since the location of the Canadian in- 
stallation permits the possibility of detecting auroral 
echoes when the transmitter ray intersects the earth’s 
magnetic field lines at perpendicular incidence for a 
height of 100 km. 

If it is assumed that the aspect sensitivity is not ex- 
tremely important for measurements at 100 mc—that is, 
signals are not appreciably weaker than if obtained at 
perpendicular reflection—then wavelength dependence 


law may be obtained for the reflection mechanism alone 
as follows: 


Pr x Pr. 


FURTHER RESEARCH 


Additional characteristics of the auroral echoes which 
should be studied using the 398-mc radar are: 


2 C.G. Little, et al. “Radio Propagation in the Arctic,” Geophys. 
At College, Alaska, Final Rep., Contract AFCRC AF 19 604). 
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1) Accurate diurnal variation; 

2) Percentage of time of occurrence; 

3) Fading rate of the auroral echoes; 

4) Doppler frequency of the auroral echoes; 

5) Polarization (the polarization used for all of the 
above measurements was horizontal, receiving and 
transmitting). 


The data thus far gathered at 398 mc suggest that 
auroral echoes should be detected at even higher fre- 
quencies in the Fairbanks area. By going to a frequency 
of 800 mc, a 6-db increase in the two-way antenna gain 
can be obtained if it is assumed that the aurora fills 
the antenna beam. Also, since the echoes are found to 
have strength as great as 27 db above the noise level, 
using the modified radar equation having \?!° variation 
the maximum detected auroral echo would be 3 db 
above receiver noise level. Thus, a search for auroral 
echoes at 800 mc using transmitter powers of the order 
of 50-kw peak and 10-kw average should yield marginal 
but positive results. However, if no auroral echoes are 
detected at 800 mc, the negative results would further 
support a \?°, or greater, relationship. 


CONCLUSIONS 


Auroral echoes using a high sensitivity radar are seen 
at a frequency as high as 398 me at Fairbanks, Alaska. 
The geometry of reflection is such that in no case (ex- 
cept possibly for very low reflection heights) does per- 
pendicular reflection from columns aligned with the 
earth’s magnetic field exist. The echo strength is as 
great as 27 db above the receiver noise level and the 
echoes seen over wide ranges of bearings and elevation 
angles (within +50° of magnetic north and 0°-17° ele- 
vation angle). The echoes are detected at off-perpendic- 
ular reflection angles from the earth’s magnetic field 
line at angles as great as 10°. The echoes are seen quite 
frequently; they were detected, at some time, during 
nearly all hours of the day for the period that these tests 
were made. 

Two distinctly different types of auroral echoes are 
observed, discrete and diffuse. The discrete echoes cor- 
respond to reflection from visual auroral forms seen dur- 
ing the night. The diffuse echoes are seen during day- 
light hours when visual auroras cannot be seen. 

Based on previous 100-mc results obtained at College, 
it has been possible to estimate very crudely a \ power 
law dependence for auroral reflections at College. Utiliz- 
ing the recent 488-mc Canadian auroral echo results,® 
a \° wavelength dependence of the auroral reflection 
mechanism alone is established. 
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Correlation Function and Power Spectra of Radio Links Affected 
by Random Dielectric Noise* 
DIMITRI S$. BUGNOLOt 


Summary—The correlation function and corresponding power 
spectrum of an electromagnetic wave affected by random dielectric 
noise is related to the power spectrum of the source by an extension 
of the notions of time-variable linear networks. It will be shown that 
in general, the power spectrum of the received signal can be regarded 
as the output of a network characterized by a time-variable transfer 
function. The results are applied to a long line of sight radio link and 
used to predict the error in the received signal in a mean squared 
sense. This will be used to show that the rate of a source is bounded 
such that there exists a maximum rate R given a bandwidth 5 and 
scattering parameters of the atmosphere. 


INTRODUCTION 
R cece papers dealing with the propagation of 


electromagnetic waves in a region containing di- 

electric noise have been restricted to the special 
case of a monochromatic source. This paper is concerned 
with an extension to the more general case when the 
source can be considered a stationary random process. 
The general analysis will also consider the problem of 
a nonstationary dielectric noise. Since the environment 
surrounding the physical system leading to the genera- 
tion of a dielectric noise is essentially time variable, it 
follows that the assumption of a stationary dielectric 
noise is open to question. 

The notions of time-variable linear systems will be 
applied to the propagation problems under considera- 
tion. This has some intuitive appeal since the results 
can be put into a form readily understood by workers 
in the parallel fields of communication and informa- 
tion theory. For example, it will be shown that the re- 
ceived signal over a long line-of-sight or scatter-propaga- 
tion link can be regarded as the output of a time variable 
linear network characterized by a suitable transfer func- 
tion or, in general, by a suitable transfer tensor. 


Input > | H(r, «| #) | > Output 
| 


The results of this analysis could be used to study any 
of the following general class of problems. 


1) Correlation function of the received signal for the 
case of a nonstationary or stationary dielectric 
‘noise. 


‘ ipt ived by the PGAP, June 9, 1958; revised manu- 
Bee ek Gevanber %. 1958. This research was supported in 
whole or in part by the U. S. Air Force under contract number 
49(638)-350 monitored by the Air Force Office of Sci. Res. Air Res. 


d. Eres 
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2) Power spectral density of the received signal given 
the power spectral density of the source for the 
case of a stationary dielectric noise. 


As an example this paper will conclude with a simplified 
analysis of the band-limited long line-of-sight problem. 
Since models available for the dielectric noise assume a 
stationary process, this example will be so restricted. 


GENERAL THEORY 


Consider an unbounded region containing a source 
and observer located at r’ and r respectively (see Fig. 1). 


SOURCE 


Fig. 1. 


The vector wave equation for the electric field in- 
tensity is the usual 


VX VX Et pweE = —2éE—pwE—pJ, (1) 


where the dot stands for partial differentiation with re- 
spect to time. If the carrier frequency of the source is 
very large compared to the largest frequency compo- 
nent in the dielectric noise, (1) can be approximated by 


VX VX Et pmeE = — uJ. (2) 


Since the space variation of the dielectric is bounded 
such that 


| Ve] \/e X1, 


(2) can be further approximated by the usual wave 
equation, 


VE(r, 1) — we(r, IE = uJ. (3) 


In order to eliminate the excessive formalism of a 
general analysis this paper will be restricted to a solu- 
tion of the scalar wave equation.! This, of course, as- 
sumes that cross coupling between field components is 
negligible; this also neglects any shift of the plane of 
polarization during propagation. It is the hope of the 
author that the simplicity will make up for the lack of 
generality. 


1 The solution of the vector wave equation is considered in the 
Appendix. 
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Consider the geometry of Fig. 2. Let the region of 
dielectric noise be restricted to the far field of the 
source. The received signal as seen by the observer will 
be a sum of the direct and “scattered” fields, 


pr(r, t) = do(r, t) at b(t, 1) (4) 
where @,(r, #) is a solution of 
V2o,(r, t) — we(rit)b.(r, t) = 9. (S) 
s 
TRANSMITTER ean RECEIVER 


REGION 


Bige2: 


Let e(r, 2) =e +Ae(r, t), where € is the ensemble av- 
erage of the random variable e(r, ¢) at a time #. Sub- 
stituting into (5), we have 


Vobs — eos = wAc(r, tds. (6) 


In the first Born Approximation for the scattered field, 
it is customary to replace the field component of the 
source by the unperturbated incident field, ¢o(r, #). 
Hence, 


Vhs — colds = wAc(r, t)do. (7) 


Let us assume that the Fourier transform of ¢, exists; 
then 


1 7} 
blew) == [dale Doma (8) 
Dai es 
with the inverse 
@,(f, 4) = ar $,(r, w)e™*dw, (9) 
Taking the Fourier transform of (7), we have 
V'¢,(r, w) — F{ €0(t)ude} = F{udc(r, ipo}. (10) 


The right-hand side of this result can be reduced by 
defining 


Ac(r, t) -{ Ac(r, w’ etd’, 


Substituting and rearranging terms, we have 


re ee ® 
PigAe(r, do} = - f dw! Ac(r, w’) f dipgeie—0")#, (11) 


us 


a dia Since the dielectric noise is not stationary, the mean value will 
in general be a function of time. 
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Since the modified Fourier transform of the source can 
be defined by 


dole, w— w') = | dolr, Neordr, 
it follows that (11) reduces to 
— uy if (w — w’)?Ac(r, w’)do(r, w —w')dw'. (12) 


Solving the inhomogeneous wave (10) for the first Born 
Approximation, we have for the scattered field 


. f — w’)*Ac(r’, w’)do(r’, w — w’) dw’ 


R=|r-r'|; (13) 


It should be noted that the wave number & is a slowly 
varying function of time. This results from the fact that 
the mean value of the random process changes with 
time and the approximation, 


F{co(t)uds} S — wuer(é)o.(r, w). 


k= wueo(t). 


(14) 


This result could be used to predict the power spec- 
tral density of the received signal by first constructing 
the correlation function using (13). Such a procedure is 
rigorous but unfortunately rather lengthy. Rather than 
proceed in this fashion it is useful to further simplify 
the Fourier transform of the total source given by (12). 
By so doing it will be possible to apply many of the 
results useful in the analysis of linear time-variable net- 
works.®:45 

As a first approximation for the Fourier transform 
given by (12) consider 


F{ } a Ae(r, 1) ff dole Aeivtd (15) 


or 


F(r, w | t) = — wue(r, f)do(r, w). (16) 


The modified transform is now time dependent. This ap- 
proximation is reasonable since the major contribution 
of the integration in w’ is in the vicinity of w’=0. The 
modified wave (10) is now approximately 


V°¢,(r, w | t) + wueo(t)ds(r, w | t) 
= — wuAcr, t)do(r, w). 


(17) 


The notation has been changed to stress the time de- 
pendence of the solution ¢,. 


§ L. A. Zadeh, “Correlation function and power spectra in variable 
networks,” Proc. IRE, vol. 38; November, 1950. 

4 L.A. Zadeh, “Circuit analysis of linear varying-parameter net- 
works,” J. Appl. Phys., vol. 21, pp. 1171-1177; November, 1950. 

° J. Landing and R. Batten, “Random Processes in Automatic 
Control,” McGraw-Hill Book Co., Inc., New York, N. Ye che5y 1956) 
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The first Born Approximation for the scattered field 
reduces to 


pw? eikR 
silty) 1) =F f ele, Doole, w) det. (18) 


The inverse of (18) is now an approximate result for the 
time-dependent signal. 


$.(r, t) an ic w| te™*dw, (19) 


The exact character of the unscattered field dor’, w) 
will depend on the Fourier components of the source, 
the transmitting antenna and the size and distance of 
the scattering region V. For simplicity, in the following 
it will be assumed that ¢p in the scattering volume is es- 


sentially plane. The results that follow could be easily 
- extended to include a more general case. Let 


go(r’, t) = f howe FMRrk 2 dw, (20) 
Substituting into (18) we have 


eikR 


( ee (w) f ’ tyetk:r’ 
os(r, w A , beik'r 
Pol w 7 e(r ye 


dv’. 


From this it is evident that the scattered signal can be 
regarded as the output of the time-dependent linear 
system characterized by the transfer function 


wy eikR 
H( w | j= re t) R eik'r' dy! 
go(r, t) rand H(w, t) cr $.(r, t) (21) 
where 
b(t, 1) = f H(w| Dgo(w)etdw. (22 
Theorem I 


The scattered component of the received signal can 
be regarded as the output of a time-variable linear net- 
work characterized by the time-dependent transfer 
function H(w/t). 

CORRELATION FUNCTION OF THE 
RECEIVED SIGNAL 


The received signal is given as the sum of the unscat- 
tered and scattered field.® 


golf, t) an polt, t) = P(t, t). 
Consider the correlation function of the received signal. 


6 Or the scattered signal alone in the case of beyond-the-horizon 
scatter-propagation links. 
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This is defined as 


P(r, ta) (x, t2) = {ho(r, t1) + o4(r, t1)} {bo(x, fa) + 4°(r, t2)}. 


Since the random variable Ae(r, #) has zero mean by 
definition, it follows that 


(1, ta) P(x, t2) = do(r, ta) do(r, t2) + $4(r, ta) G,(r, t2). (23) 


$o(r, t1)bo(z, 2) is just the correlation function of the in- 
put. The correlation function of the scattered com- 
ponent is given by repeated use of (22). 


= f dw iL dw! H(w | ty) H(w' | ta) bow) do(w") ete nete 


Since the input is assumed to be a stationary random 
process, it follows that 


o(w)bo(w") = S(w)d(w + w’) 


where S(w) is the power spectral density of the source. 
Consequently 


¢(r, ti)¢(r, te) 


= f (awl 11) H(w | t2) S(w)ei@2-Mdw, (24) 


The correlation function of the received signal is then 
given by 


Wr(r, te — t1) = Vo(r, 7) + ¢.(r, t1)bs(r, f2). (25) 


The power spectral density of the received signal which 
follows directly is 


1 i) 
S(r, wv) = —{ War(r, te — tye? 2 d (tg — ti). (26) 
T / —2 


FIDELITY OF THE RECEIVED SIGNAL 


One useful measure of signal distortion resulting from 
scattering is the fidelity of the received signal in a 
mean-squared sense. This is defined as’'® 


v? = {g0(r, t) — $r(r, 1)}?. 
Since dr =¢0+¢,, it follows that 
y? = @,(r, 1). 


Using (24) it follows that the mean-squared error of the 
received signal is given by 


S = [ aee th) H(w | ty) S(w)dw. (27) 


7 Claude E. Shannon, “The Mathematical Theory of Communica- 
tion,” University of Illinois Press, Urbana, IIl., p. 76; 1949. 

8 Note that the fidelity may be time dependent when the random 
dielectric noise is not stationary. This definition of fidelity is not 
useful in the study of beyond-the-horizon scatter propagation since 
do=0. 
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FIpELity OF A BAND-LimITED LonG LINE- 
oF-SIGHT Rapio LINK 


As an illustrative example of the result it is of interest 
to consider the special case of a band-limited long line- 
of-sight radio link. The result can be used as a measure 
of system reliability as a function of bandwidth. 

We might expect the fidelity of a system to increase 
with increasing bandwidth. This in effect would place 
an upper bound on useful bandwidth given a bound on 
fidelity as determined by permissible receiver error and 
the power of the source. Consider the geometry of Fig. 3. 


SCATTERING 
REGION 


TRANSMITTER RECEIVER 


| vi Wy Wtd w 


POWER SPECTRUM OF THE TRANSMITTED 
SIGNAL 


| L—+ 


Fig. 3. 


Substituting for H(w, t) in (27) from (24), 


Th (oe) 
Y= RTS F: al S(uywtdw f do,’ f doy 
7 1X0 a) 


-Ae(ry’, th) Ae(re’, t1) IK: (ro! 1!) 
196 = (ko — Kay (28) 


where the far field approximation has been used. 


R r 


In order to apply some of the proposed forms for the 
correlation function of the dielectric noise, it is con- 
venient to assume an isotropic turbulence. This results 
in the usual cross-section approximation and (28) re- 


duces to 
1 f o(K) 
RoR? J sea ip f dv’. 


For the geometry of Fig. 3, the exponential space-corre- 
lation function for the dielectric noise given by? 


v= 


(29) 


Ac(ri, t)Ae(re, ) = Ae? €-!r121/l0 


* A. D. Wheelon and R. B. Muchmore, “Line of sight propagatio 
phenomena—I Ray treatment,” “Line of sight Bier acation Seton: 
ena—II Scattered components,” A. D. Wheelon, “Near field cor- 


rections to line of sight propagation,” Proc. IRE ; - 
1466; October, 1955, Beene ASS 
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results in a fidelity of'° 


where 


wo—carrier frequency; Wo>d 
26—bandwidth. 


The Gaussian correlation function given by® _ 
Ae(r, #)Ae(ro, f) — Ret eo riz2/to 


results in a fidelity of 


lo Ae Wo 
? = LY—}) 6. 
21 €0 Cc 


The above assumes that the receiving antenna beam- 


width 
Cc 
> 10(), 
Wolo 


a condition met in most experimental efforts. It should 
be noted that the two results differ by a small constant. 


(31) 


o? Gaussian 
———— = 1.13. 
vy? Exponential 


Maximum PossIBLE RATE OF THE SOURCE 
Since the fidelity of the received signal is a function 
of bandwidth, we would expect the rate of a source to 
be somehow limited by the fidelity, bandwidth, and 
source power. Shannon’ has shown that the rate of a 
white noise source of average power Q and bandwidth 
W relative to a root-mean-square measure of fidelity is 


Q 


R = W log — 32 
oe (32) 


where VN = maximum permissible mean-squared error. 

The fidelity of a band-limited long line-of-sight link 
as given by (30) or (31) assume a source of average 
power, 


Q= f see)aw = aye 


Substituting for N and W in (32), we have for the ex- 
ponential correlation function, 


2m Eye 7 GNG 
R = 25 logs <— — (<) i bits/second. (33) 
lo Ae? Wo 
For the Gaussian correlation function we have 
4a/m 2 
ln Ae 


C 2 
R = 26 logs (=) 1 | its/second. (34) 


W 9, 


’0 This assumes that the size L of the scattering volume V is then 
D. S. Bugnolo, “Fidelity of a Communication 
System Affected by Atmospheric Turbulance,” Tech. Rep. T-2/c, 


a mean free path. 


Columbia University, New York, N. Y.; October, 1958. 


April 


(30) 


. 
ee ee ee ee eee 


As a particular example consider the case where 


y= 10m; wo = 2X 108, 
L = 10° m; 

‘Ae 

ee 10-10 

€0” 


R= 21 bits/second/cycle. 


It should be noted that the Rate is independent of the 
source power! This result will of course be modified by 
the presence of noise. 

To further illustrate this example consider a teletype 
channel. Since each symbol contains 5 bits of informa- 
tion, it follows that rate of the source could be at the 
most 4.2 symbols per second, for each cycle of band- 
width. This is an upper bound that could not be reached 
in practice since the conditions used by Shannon to 
derive (32) are not really satisfied in practice. 

It is also of interest to note that if a television source 
is assumed to have ten possible transitions from white 
_ to black, then the rate of the source is approximately 
5 bits/second/cycle of bandwidth. This implies that the 
capacity of a television channel over a long line-of-sight 
path of about 100 miles is more likely to be limited by 
noise than dielectric turbulence. It would appear that 
this condition is met in practice. 


APPENDIX 


The general analysis developed in this paper for the 
special case of a scalar wave equation can be extended 
to the general-vector wave equation for the electric field 
intensity. When the Fourier transformations are ap- 
proximated in a manner similar to (14) and (15), the 
vector wave equation for the E, (2) reduces to 


Vix x £.(r; w | t) + w? weo(t) EZ; 


= — wyAc(r, t)Eo(r, w). (35) 


It should be stressed that the Fourier transform is time 


_ dependent. 
If the incident field is assumed plane in the scattering 
region, then the first Born Approximation for the scat- 


tered £ is 


ite wh jy uw i Ac(r’, ter’ G(r, 2’, w) Eo(w) dv’ (36) 
where 

E,(r’, t) = [Boley seorerPaw, 
The inverse transformation yields the time response. 


E,(r,t) = { 2G, w | te ™ ‘dw. (37) 


-— Oo 
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Let the transfer tensor u(r, w| #) be defined by 


pw? 
H(r, w | j= —| Ac(r’, t)ek'r'G(r, r’, w)dv'. (38) 
T v! 


It then follows that 
Es, w| i) = a(r, w | t)- Eo(w). 


From this it is evident that the scattered signal can be 
regarded as the output of a time-variable linear system 
characterized by the transfer tensor a(r, w 2). 


E,(r, t) +e H(r, w | t) A E,.(7, t) 


where 


Ey i= [Gel t) - Eo(w)e-™ ‘dw. (39) 


The correlation function of the scattered component 
of the electric field intensity must in general contain 
auto as well as cross-correlation components. By fol- 
lowing a procedure similar to that for the scalar wave 
equation, it is possible to show that 


Ext, ivan te) 


= Df Heplo| 2) Hmn(—w| f) Spe mePdw (40) 
pynY —co 


where S,,(w) is the auto or cross-power spectral density 
of the incident electric field intensity. The Green’s func- 
tion suitable for the above result is the usual™ 


VW \ ecieleor' 
Re eS |r—1'| 


where 7 is the unit dyadic. Using the above Green’s 
function, the Fernel approximation for the correlation of 
the scattered component of the electric field intensity 
can be shown to be 


G(r, r’, w) = (: = (41) 


E(t, th) En(r, to) = 


we? ifs é 
AWS pn(w) e624) 
167? x ee 


vot [ an! [ dv2! (ip Fo hihp) (Onn mag! RmRn) 


Ae(ry’, t1) Ae(r2’, to) eK: (ro/—ry') , 


(42) 


For the special case of a stationary dielectric noise, the 
above result can be simplified by taking f:=t++T. 


11S, Stein, “Some observations on scattering by turbulant in- 
homogeneities,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 
AP-6, pp. 299-300; July, 1958. 
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Aperture-to-Medium Coupling on Line-of-Sight Paths: 
Fresnel Scattering” 
E. LEVIN}, R. B. MUCHMORE{, anv A. D. WHEELONY 


Summary—An electromagnetic signal propagated through a me- 
dium of randomly varying dielectric exhibits random-phase fluctua- 
tions. The phase of the total signal is the average of all rays which 
strike the reflector and is therefore smoothed by a receiver-reflector 
combination of finite aperture. This paper presents a theoretical 
analysis and numerical results for this phase-smoothing for small 
phase perturbations. The receiver is assumed to be a circular para- 
bolic reflector with a collecting feed at the focus. The propagation is 
described by Fresnel scattering and the one dimensional ray theo- 
retical expressions employed. Closed form results are obtained for 
three separate space correlation models of the random dielectric 
medium. These results are valid so long as the scattering parameter 
INly is small. 


INTRODUCTION 


YIPNHE stochastic variations of an electromagnetic 
ae caused by propagation through a medium 

of randomly varying dielectric have been studied 
in several recent papers. An infinitesimal receiver was 
assumed in these studies, so that only the electromag- 
netic field at a point wascomputed. Actual experiments, 
however, employ receiver-reflector combinations of 
finite aperture, for which it is necessary to consider 
medium-to-receiver coupling. This effect is most im- 
portant for large apertures, and is of considerable in- 
terest in the estimation of resolution for large radio 
telescopes. 

We consider a plane-wave incident on a semi-infinite 
dielectric medium with a receiver located at a depth 
LI below the upper boundary. The analysis is directly 
applicable to the scintillation of radio stars imposed by 
the troposphere, but is also similar to the “radio relay 
link” problem in which a transmitter and receiver are 
both immersed in an infinite turbulent medium a dis- 
tance L apart. The radio star problem discussed here is 
decidedly easier to analyze. This paper presents a theo- 
retical analysis of the phase variations induced in a 
receiver by the essential coupling between the propaga- 
tion medium and the receiver. 


* Manuscript received by the PGAP, July 10, 1958; revised 
manuscript received December 9, 1958. 

{ Rand Corp., Santa Monica, Calif. 

t Space Tech. Labs., Inc., Los Angeles, Calif, 

_ 1 R. B. Muchmore and A. D. Wheelon, “Line-of-sight propaga- 
tion phenomena—lI. Ray treatment,” Proc. IRE, vol, 43, pp. 1437- 
1449; October, 1955. 

_ 2A. D. Wheelon and R. B. Muchmore, “Line-of-sight propaga- 
tion phenomena—II. Scattered components,” Proc. IRE, vol. 43, 
pp. 1450-1458; October, 1955. 

__*B.M. Fannin, “Line-of-sight wave propagation in a randomly 
inhomogeneous medium,” IRE TRaNs. oN ANTENNAS AND PROPAGA- 
TION, vol. AP-4, pp. 661-665; October, 1956. 

* D. Mintzer, “Wave propagation in a randomly inhomogeneous 
medium, I” J. Acous. Soc. Am., vol. 25, p. 922; September, 1953. 

_ 5A. D, Wheelon, “Near-field corrections to line-of-sight propaga- 
tion,” Proc. IRE, vol. 43, pp. 1459-1466; October, 1955. 

§°C. M. Angulo and J. P. Ruina, “Antenna resolution as limited 
by atmospheric turbulence,” presented at URSI, May, 1957. 
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(Tilted) 
Wavefront 


(b) 


Fig. 1—(a) Receiver-reflector feed arrangement. (b) Geometry 
and co-ordinate system of reflector. 


(a) 


The receiver is assumed to be a circular parabolic re- 
flector with a collecting feed at the focus, as shown in 
Fig. 1. This is the configuration most often used in ex- 
periments and also leads to significant analytical simpli- 
fications. Other reflectors can be treated by extensions 
of our method. Closed-form expressions for the phase- 
smoothing effect due to the finite aperture are derived 
for three stochastic models of the dielectric medium. 


FRESNEL SCATTERING IN THE MEDIUM 


The random atmosphere is characterized by a time 
and space varying dielectric constant: 


e(r, t) = eo + Ac(r, #) (1) 


where € is the free space value, and Ae is a small 
stochastic fluctuation. The fluctuations give rise to both 
phase and amplitude variations of the received signal. 
It is usually assumed that the dielectric fluctuations 
form a zero mean random process in space and time. 
For a stationary and homogeneous process, the space 
correlation is given by 


(Ae(r, )Ae(r + R, 2) = (Ae)C(R/h). (2) 


The irregularities are very weak since the root mean 
square dielectric fluctuation at a point, [(Ae)]1/, is 
measured experimentally as about 10~%eo. This paper as- 
sumes that the irregularities are isotropic, and the space 
correlation function therefore depends only on the mag- 


—_ 
nitude of the separation distance | R|. The correlation 


bck 
function C(R/I») is the critical assumption for propaga- 
tion studies. Three analytical models are used in the 
discussion which follows: 

1) Exponential: 


C(R/lo) 


ll 
ai 

=>] 
Ee] 
Ss 


2) Bessel: 


April 


—i 


1959 
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TABLE I 
MEAN SouareE PHASE AHD PHASE CORRELATION BETWEEN PARALLEL RAys FOR THREE TURBULENCE MODELS 


C(R/lo) eR /lo 
a? 2/2 Ly 
{a*) 2n?(Ae?) e 
o(D/ty = ae + D)) Pag (2) 
(a?) lo lo 
3) Gaussian: 
= ¢—R?/ly”. (3) 


The correlation falls to about 1/e in a distance R=[y in 
each case. Jp is called the scale of turbulence and is 
measured as several hundred feet in the troposphere. 

The equation for electromagnetic propagation through 
a random medium characterized by (1) is 


{v2 + k[eo + Ae(r, 4) ]} Els, t) = 0. (4) 


The problem is to solve this partial differential equation 
for a random fluctuation Ae, so as to exhibit the phase 
and amplitude variations induced in the electric field E. 
This is a purely mathematical problem which has not 
been solved exactly and approximate methods must be 
used. 

We assume that the induced signal variations are 
very small compared with the mean (unperturbed) am- 
plitude and phase. Within this restriction, however, 
there are two distinct scattering regimes: Fresnel and 
Fraunhofer. They are distinguished by the magnitude 
of the “scattering parameter,” 


IX 


) (S) 


where L is the length of the propagation path and A the 
wavelength of the radiation. If this parameter is less 
than unity, the radiation propagates as though through 
a sequence of random laminae “cored” from the spheri- 
cal blobs. This is called Fresnel scattering and is de- 
scribed by the geometrical optics approximation. When 
the scattering parameter 7 is greater than unity, one 
must recognize the three dimensional nature of the 
scattering and the projection of energy into the re- 
ceiver by off-axis blobs. This is called Fraunhofer scat- 
tering and is described by the Born (iterative) approxi- 
mation to the wave (4), which contains the Fresnel 
results as a special case. 

This study works exclusively with the Fresnel ap- 
proximation. The energy which falls on the receiver is 
thus propagated along nearly parallel rays and a WKB 
solution of the one dimensional form of the wave (4) is 
equivalent to the geometrical optics result. The phase 
variation induced along a ray path (x) by the refractive 
changes of the wave’s phase speed becomes, 


143 
R R 
7” Ky (=) eR? Ilo? 
13(Ace?) a 5/2(Ag Lo 
T é”) ECx 
[1 He =| e~Dilo ei? 
Io 
Tee pee 
a=—= faxes, 0) (6) 
0 


The mean square phase and phase correlation between 
adjacent parallel rays for our three models are sum- 
marized in Table I.1 These results are derived by the 
methods of Muchmore and Wheelon.! 

The Fresnel approximation also implies amplitude 
fluctuations for the incoming wave. Physically, these 
amplitude changes are due to the random bunching and 
separation of the energy-bearing rays which are caused 
in turn by random refractive bending. Such effects are 
of minor importance unless the scattering parameter (5) 
is greater than one. The ratio of the instantaneous am- 
plitude variance 6£ to the mean amplitude Ep is?:8 

6E 


He peu 

—-— CLV waa avis) 2 7 
Ral, Bia 9 (7) 
The second derivatives here suggest that amplitude 
variations are very sensitive to the shape of the correla- 
tion function C(R) near the origin. Of the three models 
considered, only the Gaussian correlations predict a 
finite mean square amplitude variation (see Appendix 
I). The result for L>>y is 


(| 6E 
Eo 
If this result is compared with the mean square phase 
expressions in Table I, one finds that 


an 
Eo 
Percentile amplitude variations are thus much smaller 


than the mean square phase in the Fresnel region,!° and 
will be neglected. 


) = (Ac?) L3/1)3, (8) 


2 1 
) = = (att < (et), (9) 


7V.A. Krasil’nikov, “The effect of variations of the coefficient of 
refraction in the atmosphere upon the propagation of ultrashort 
radio waves,” Izv. Ak. Nauk U.S.S.R., vol. 13, pp. 33-57; 1949. 

8 P. G. Bergman, “Propagation of radiation in a medium with 
random inhomogeneities,” Phys. Rev., vol. 70, pp. 486-492; October, 
1946. A closely related development is presented. 

97,2 is the Laplacian taken normal to the ray path x: 


10 They are equal in the Fraunhofer region. 
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PHASE SMOOTHING 


We have noted that the Fresnel approximation de- 
scribes energy propagated along nearly parallel rays. 
The rays have slightly different phase shifts imposed on 
them, however, since each has traversed a different 
(somewhat uncorrelated) sequence of blobs. This lack 
of phase correlation over the wave front causes the 
phase front to be randomly “crinkled” or tilted as shown 
in Fig. 1. The wavefront is described as tilted or 
“crinkled” depending on whether the scale of phase co- 
herence is greater or less than the reflector radius 
(InSa) respectively. When this energy is focused to the 
receiver feed, there is a gross addition of the phase shifts 
of all rays which strike the reflector. The total phase 
shift ap induced on the receiver voltage is an average 
over the aperture of these individual variations. 


ie = ff aaate) 


This expression may also be established by using the 
reciprocity between the aperture illumination function 
G(c) and the complex field which falls on the reflector 
element do. 


(10) 


G(c) = [Eo + 6E(c) Jet @) +201, (11) 
If the receiver uses a circular paraboloid with the feed 
at the focus, the phase delay between any plane normal 
to the x axis and the feed is a constant. 


2r 
u(o) = c 2 (focal distance) = constant. 


The amplitude illumination function E> is also assumed 
constant and the total field induced in the feed is given 
by a summation over the aperture in a geometric optics 
approximation. (The validity of this approximation is 
discussed by Silver.1! It should be quite good for a>>X.) 


1 
Enetutey) = — f il doG(c) 
A mn 


1 
= Eve SS fe fs + 


Since the phase variation must be much less than one 
radian for our original approximations to hold, the 
total phase (10) may be identified immediately by ex- 
panding both the exponentials to first order and taking 
the imaginary part of both sides. 

The mean square total phase shift is computed by 
squaring (10) and inserting the parallel ray phase cor- 
relation results from Table I. 


5E(c) 
Eo 


Jeno. (12) 


iS. Silver, “Microwave Antenna Th ign,” 
Hill Book Co., Inc., New York, N. Y.; 1949. eee er cee 
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(ar?) = af fa Jf aevalodates) 
Spe. ‘ te a if Je:0(Ru/t). 


alam 
The area integrals over the circular reflector are con- 


veniently expressed in terms of the polar coordinates 


shown in Fig. 1. 


(2?) 


a Qa a Qr x 
inf a0 {aoe fa 
ra’ J 9 0 0 0 


[72 + p® — 2rp cos ($ — 6) ]*/? 
o( ly ) 


(ar?) = 


(13) 


It was found that the complicated integral (13) could 
be evaluated exactly for each of the three models in 
Table I. 

It is convenient to describe the extent of phase 
smoothing in terms of the ratio of the total mean square 
measured with a finite aperture to that which would be 
measured with a point receiver. Letting r=ax and 
p=ay in (13), one finds that 


(ar?) a 1 1 1 2a Qa 
=F =) = =f dx [ dyy f do do 
lo mJ 0 0 0 


(a?) 
Q (= [x2 + y? — 2 xy cos (6 — opr), 


(14) 


which depends only on the ratio of the dish radius to 
the scale length of the irregularities. The analytical re- 
sults given below are derived in Appendix II. 

1) Exponential Model: 


Pie (15) 
2) Bessel Model: 
16: 
—— + 6 + 24[Zo(2#) — Lo(20)] 
F(t) = — : (16) 
gp fy Sere [71(2t) — L,(2#)] 
3) Gaussian Model: 
1 en! 
EUIGT Salaeren [Zo(2t?) + 71(20)]. (17) 


I,(z) and K,(z) are modified Bessel functions of the first 
and second kind respectively, and L,(z) is the modified 
Struve function. 

The results in Fig. 2 show that there is very little 
phase smoothing unless the dish radius is larger than 
the scale length of the turbulent irregularities (a/lp>1). 
The effect of small scale irregularities is therefore 
smoothed by large apertures since they average over 


April 


a ae 
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many such blobs." The differences between these curves 
are probably not significant, since Jp itself is experi- 
mentally uncertain to within a factor of two. If one 
turbulence model is to be favored, it should probably be 
the Bessel model which is derivable from the physical 
theory of mixing-in-gradient.!34 

If the scattering parameter 7 in (5) is greater than 
one, amplitude fluctuations 6£ affect the phase smooth- 
ing process through (12). The phase variations also 
cause detuning of the reflector-feed combination, which 
induces amplitude fluctuations in the total signal by 
changing the receiver gain randomly. This problem is 
intrinsically more complicated, both in the propagation 


_ and signal statistical descriptions, and will be discussed 


in a later communication. 
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Fig. 2—Relative phase smoothing for a) Exponential model, 
b) Bessel model, and c) Gaussian model. 


APPENDIX [| 


It has been shown by Krasil’nikov’ that (in our nota- 
tion) the mean square fractional variation in amplitude 


is given by 
Ae 1 L L 
= — ax f dx'(L — x)(L — x’) 
ha eaB ih 0 


i 


E 


(= oe] (18) 
ovt 0v0",, 
Tre . 
where u, v, w are the components of R, 1.e., 
u=x— x’ 
ap ate 
w=2z—2' 
R= v+v74+ w’. (19) 


A quick examination of the models presented in Table 
I for C(R/lo) shows that at the origin only the Gaussian 
model possesses the necessary derivatives. Thus, only 
this model will yield a finite value in (18) above. This 


12 A. D. Wheelon, “Relation of radio measurements to the spec- 
trum af i soacterte dielectric fluctuations,” J. Appl. Phys., — ee 
pp. 684-693; June, 1957. Actual smoothing may be somewha ese 
than is indicated by (14) and Fig. 2 because most antennas in prac 
tice will have tapered illumination to at least some degree. pied 

13 A. D. Wheelon, “Spectrum of turbulent fluctuations prpeuced 
by convective mixing of gradients,” Phys. Rev., vol. 105, pp. 
Me Willers ay. F. Weisskopf, “On the scattering ef eons 
waves by turbulent fluctuations of the atmosphere,” Proc. IRE, vol. 
43, pp. 1232-1239; October, 1955. 
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does not mean that the other models are not useful in 
predicting phase effects; the deficiency in the model in 


the vicinity of the origin appears in an insignificant way 
in the phase results. 


APPENDIX II 


It is of some interest to note briefly how the exact 
integration of expression (14) was performed, since the 
method is applicable to other models which may come 
into favor. In (14) let (0@—¢) =w and recognize the sym- 
metry in xy to obtain 


F(t) = & f sae f yay [av 


Q {iv/x? + y? — 2aycosy}. (20) 


Let y=px, and then transform the last two integrals 
(p, Y) into rectangular coordinates (zg, v). 


FG) = “ i ade fiw i ten 
Olevia aT ah. (21) 


Now set v=(1—z)w and reverse the order of integra- 
tion in the (w, 2) plane. 


8 1 -) 1 
FG) = —{ wae f aw f dz(i1—z) (22) 
T J 9 0 we-1/w4+1 


Q {ix(1 —2z)Vi + w*}. 
Substituting m=x(1—2)/1+w? and w=tan 0, we find 


F(t) = - J oe ap ap af "4 Pe Olenis (23) 


Transform (x, @) into rectangular coordinates (s, p) 
8 1 ruebte tee te 28 
F(t) = =f $iplaze sas f mdmQ{tm}. (24) 
mw J 9 0 


It is possible to reduce this to a single integral by a 
further change of order, but the final steps are easier to 
perform starting from (24). 


Case I. Exponential Model: Q{tm} =tmK,(tm) 
Since Ko’ = —Ky 


St d 1 i Sh <ot 2s 
Fé =—-——] wvwi- Fas f mdmK (tm). 
a ditJo 0 
Soa ere eile at 
=— — — | V1 — s%ds[2tsK(2ts) — 1). 
aw dt tf Jo 
+ Shay, Lod aie 
=—-— — — — — ib sin? 0K (2¢ cos @)dé. 
Vi Tv dl t dt 0 
oe ee 2 [Zo(t)Ko(é) + 11) Kx() | 
ie aiwety di 


15 G. N. Watson, “A Treatise on the Theory of Bessel Functions,” 
Cambridge University Press, Cambridge, Eng., 2nd ed., p. 441; 1952. 
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or finally, 


F() = 8K 1(t)Lo(t) ; 


Case II. Bessel Model: Q{tm} =(1-+im)e—™ 


Hi er G7 OL eta 28 
-=|1-15]5f V1 = sas f e- dm, 
T dt} dtJo 0 
d d w/2 1 e—t cos () 
--=|1-2)5f sin? odo — — | 
T di| dtJ t b 


cay =| _ | : - <j PONE 120] 


t{— a 
T dt\dt \4t 4? 


or finally, 


16 [bid., p. 425. 
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Tv 


EG es bats. + 6+ 24[7o(21) — Lo(2é)] 
ie . 


= pitta [7(22) — 12H : 


Case III. Gaussian Model: Q{tm} =e?” 
2a 
mdme-*™", 


8 Le 2 eae 
Dahscied Py RET 
F() Sai ds 


0 


4 r/2 
= fe ae cos? Ge—40” sin” 640, 
t mt 0 
1 —2¢? 7 
t TT 0 
and finally, 
1 —2¢” 
ge Goa [Zo(2#) + 11(2#)]. 


The Inverse Scattering Problem in Geometrical Optics 
and the Design of Reflectors* 
JOSEPH B. KELLER} 


Summary—The inverse scattering problem considered here is 
that of finding the shape of a reflector which produces a prescribed 
scattered wave. The scattered wave is characterized by its angular 
pattern, which determines the differential scattering cross section of 
the reflector. The problem is solved by means of explicit formulas for 
cylindrical and for rotationally symmetric objects. Plane, cylindrical, 
and spherical incident waves are considered. The general three di- 
mensional object is also treated. The method of geometrical optics is 
used throughout. 


INTRODUCTION 


HEN radiation of any type is incident upon an 

W object, some of the radiation is scattered in all 
directions by the object. The direct problem of 

the theory of scattering is that of determining the in- 
tensity of the radiation scattered in each direction when 
the properties of the incident radiation as well as those 
of the object are known. The inverse scattering problem 
is that of determining the properties of the scattering 
object when the incident radiation and the intensity of 
the radiation scattered in each direction are known. 
This latter problem has been studied extensively in 


* Manuscript received by the PGAP, April 29, 1958. The research 
reported in this document has been sponsored by the Air Force Cam- 
bridge Research Center, Air Res. and Dev. Command, under Con- 
tract No. AF19(604)1717. 

} Inst. of Math. Sciences, New York Univ., New York, N. Y, 


atomic and nuclear physics by the methods of quantum 
mechanics and, to some extent by classical mechanics. [1 | 
The classical mechanical solution is also applicable to 
the scattering of light (or other radiation obeying the 
laws of geometrical optics) by a region in which the 
index of refraction varies in any continuous spherically 
symmetric manner. We now propose to consider the in- 
verse problem in geometrical optics when the scatterer is 
an opaque object, such as a piece of metal, with a defi- 
nite boundary. We will call an object of this type a 
reflector or mirror. 

In the two dimensional case, which we treat first, the 
scattered wave is cylindrical. Its intensity in the direc- 
tion @ is denoted by o(@). When the incident radiation 
is a plane wave of unit amplitude, o(6) is called the dif- 
ferential scattering cross section of the reflector. We 
then find that the shape of the reflector is completely 
determined if o(@) and the reflection coefficient of the 
reflector are given. However the reflector may be placed 
so that either its concave or convex side is exposed to 
the incident radiation. When the incident radiation is a 
cylindrical wave, a one parameter family of different 
reflectors is found. In both cases, formulas for the shape 
of the reflector are obtained in terms of o(6). Similar 
results are obtained for reflectors which are surfaces of 
revolution in three dimensions, when the incident radia- 
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tion is either a plane wave incident along the axis of 
revolution or a spherical wave from a point source on 
this axis. 

In the general three dimensional case, the differential 
scattering cross section o(6, ¢) and the reflection coeffi- 
cient of the surface do not determine the shape of the 
reflector at all. However, if the differential scattering 
cross section is known for two plane waves incident from 
opposite directions, and if the reflection coefficient is 


_also known, then the reflector is uniquely determined, 


provided that it is convex. But in this case, it has not 
been possible to determine the shape explicitly. Instead, 
a nonlinear partial differential equation must be solved 


_ to find the shape. 


Our investigation was pursued not only because of 
its intrinsic interest, but also because the results may be 


_ of use in the design of optical systems containing reflec- 


tors. This, as well as most design problems, may 
profitably be viewed as an inverse problem. For pur- 
poses of comparison, we have also included some well- 
known results on the direct problem. 

S. N. Karp has also treated certain inverse scatter- 
ing problems for reflectors without restriction to the 
realm in which geometrical optics is valid. 


FORMULATION AND SOLUTION 


In geometrical optics, light propagates along rays 
which, in a homogeneous medium, are straight lines. 
Therefore, by conservation of energy, in a non-absorbing 
medium, the flux of energy is the same through every 
cross section of each tube of rays. This flux is propor- 
tional to the light intensity J multiplied by the cross 
sectional area of the tube. In a cylindrical wave, a tube 
of angular width d@ has a cross section of length rd@ so 
energy conservation yields Ird# =od@ where g is constant 
along the tube. Thus J=o(0)/r. Here o is written as 
a(0) since it may vary from one tube to another. Now 


_ suppose the cylindrical wave is produced by reflection 
from a reflector of an incident plane wave of unit in- 
tensity propagating from the left parallel to the x-axis. 


(See Fig. 1.) Suppose the ray at height y is reflected in 
the direction 0, and that at height y+dy, is reflected in 
the direction 6+d6. Let the energy reflection coefficient 
be R. Then of the incident energy between the two 
rays, which is proportional to dy, the fraction Rdy is 
reflected into the tube between the rays in the directions 
6 and @+d6. Thus by the conservation of energy 


Rdy= + a(0)d0. (1) 


The sign in (1) must be chosen the same as that of 
dy/dé. 

The reflection coefficient R may not be a constant, 
but may be a function of the angle of incidence. This 
angle is just 6/2 since the normal to the reflector at 
each point bisects the angle between the incident and 
reflected rays at this point. Thus in (1), R=RO/2). lf 
y and x are coordinates of a point on the reflector sur- 
face, then the slope of the normal also leads to 
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Fig. 1—Incident and reflected rays both making the angle 6/2 with 
the normal to the reflector. The reflected ray makes the angle 6 
with the negative x-axis, along which the incident rays are inci- 
dent. If the reflector is a surface of revolution, the figure repre- 
sents a cross section containing the axis of revolution. 


(2) 


Eqs. (1) and (2) enable us to solve the inverse problem of 
finding the reflector shape in terms of o(@) and R(6/2). 
For integrating (1) yields 


he § (6) 
ret R/D 


(3) 


Elimination of dy from (1) and (2) and integration of 


the result also gives 


7) 
a a (6) tan 2 


X= 4% + ————- dé. (4) 
0 (6/2) 


Eqs. (3) and (4) are parametric equations for the re- 
flector and thus provide the solution of the inverse prob- 
lem. The integration constants x» and yo determine the 
location of the reflector. The sign, which must be the 
same in both equations, determines whether the reflec- 
tor is convex (+) or concave (—) toward the incident 
wave. In the concave case, the specified o(6) is obtained 
only for a limited range of @ due to blocking of the re- 
flected rays by the reflector itself. 

As an example of the use of (3) and (4), let us suppose 


that 
@) = = R(5) cos = (5) 
= os 
i pes ag aici 
Here 0 is a constant. Now (3) and (4) yield 
0 
v= not 6/1 — cos], (6) 
oda 
y= yo & b sin — * (7) 


These are the equations of a circle of radius 6 centered 
at xo+b, yo. (See Fig. 2) 

As a second example, let a be a constant and suppose 
that 


aR 


a(0) = =F c (3) 
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Fig. 2—A semicircular reflector of radius b which is either concave 
(a) or convex (b) to the incident wave. In both cases the differ- 
ential scattering cross section is the same, being given by (5). 


Fig. 3—An isotropic scatterer given by (9) and (10) with the upper 
sign. If the reflection coefficient R is constant, this reflector has the 
constant differential cross sectionc =aR/2. Its width is asymptot- 
ically 7a. 


If R is constant, then o is independent of @ and the 
corresponding reflector is an isotropic scatterer. From 
(3) and (4), its equations are 


7) 
BES AIS O (9) 
ae 
Wee ihaeaGa (10) 


In Fig. 3, this reflector is drawn, using (9) and (10) with 
the upper sign. 

Eq. (1) can also be used to solve the direct problem of 
scattering. If 6(@/2) denotes the radius of curvature of 
the reflector at the point where its normal points in the 
direction 6/2, then simple geometry shows that 


std = BA 6(0/2) cos ae . (11) 
dé 2 2 
When (11) is used in (1), the result is 
a(0) = > #(S)6(F) os > (12) 
2 2 2 Z 


This is the solution of the direct problem. It can be used 
in solving the inverse problem, but the method used 
above is simpler. 


OTHER CASES 


By exactly the same methods as those used above, 
we have also considered the direct and inverse problems 
for three other cases. These are the two dimensional 
case with an incident field due to a line source and the 
three dimensional case of a reflecting surface of revolu- 
tion with a plane wave incident along the axis of revolu- 
tion or with a point source located on this axis. The 
notation in the plane wave case is the same as in Fig. 1 
except that 7 is used instead of y and g instead of x. For 
the line and point source cases, the notation is explained 
in Fig. 4. In these cases, ¢ denotes the angle of incidence 
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ic. 4—An incident ray making the angle a with the x or z axis and 
oe angle @ with the normal to the reflector. The reflected ray also 
makes the angle @ with the normal and the angle 9 with the axis. 
The distance from the source to the reflector is p(a), and p(0) is 
also denoted by po. 


and of reflection and @ denotes the angle between the 
incident ray and the axis. These angles are related to @ 


by 
(13) 


The intensity on each incident ray is denoted by J(a), 
and the equation of the reflector is written as p=p(a) 
where the source is the origin. The results are given in 
Table I. 

As an example, let us consider the two-dimensional 
case in which the field comes from a line source. Suppose 
that o, J, and R are constants and @)5=0. Then, from the 
table we have 


6 = 26 — a. 


+ of = IRa, (14) 


IR\ a) 720+ CRI) (15) 
Pp = po E (1 + =F] 
G paz. 


Eq. (15) is the polar equation of the reflector. If the 
positive sign is taken and if JR=c, then it is the equa- 
tion of a plane at distance po from the source. 

In the three dimensional case with rotational sym- 
metry and a plane wave incident along the axis, let us 
seek a reflector for which o and R are constants. From 
the table, we find for its equation 


4o 
r? = —sin?—; (16) 
R 2 
a al 6 
Z= 2 + 2V7o/R (1 — cos). (17) 


This is the equation of a sphere of radius 2./¢/R cen- 
tered at r=0, 2=2)+2+/o/R. Thus, we find the well- 
known result that the sphere is an isotropic scatterer— 
in fact, in this case, the only one. 


THE GENERAL CASE 


Suppose the reflector is an arbitrary smooth convex 
closed surface in three dimensional space. Let o(6, ¢) 
denote its differential scattering cross section in the di- 
rection 0, @ due to a plane wave of unit intensity incident 
from the left along the x-axis. Let P(@, 6) be the point 
on the reflector from which a ray is reflected in the 0, ¢ 
direction. Then the normal at P(6, ¢) must point in the 
direction 6/2, @ and the angle of incidence at P must be 
6/2. These facts follow from the law of reflection. Now 
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TABLE I 
SSS SSS SSS 


Results for Inverse Scattering 
Two Dimensions, Line Source 
a ea ee ee 


+o(0)d0 = R(¢)I(a)da 
at 6 
ie ee 


IfZR =constant 


= vf ie =n if “T(a)de 


log p/po = f tan ore) da 
0 


Rotational Symmetry, Plane Wave 


o(0) sin 6d9 = R (5) rar 


0 
— = + = 
Ge Os 


If?R =constant 


2 6 
a =f o(0) sin 6 dé 
0 


s=2 eee in 6 t 2 
ots Sr tare an =, ¢. 


Rotational Symmetry, Point Source 


+o(6) sin 6d6 = R(¢)I(a) sin ada 
ee dp ees + O(a) 
da 2 
If R=constant 
0 a 
+ J, o(6) sin odo = R if He) sia ade 
0 . 


a + O(a) do 


log p/po = 3 tan 
0 z 


Results for Direct Scattering 
Two Dimensions, Line Source 


te 


Lp(a 
o(0) = RO) [eo + 
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Rotational Symmetry, Plane Wave 


o(6) = AO (0/2)0(0/2) cos 0/2 


Rotational Symmetry, Point Source 
sank; 
‘| 


itYis well known that the differential scattering cross 
section in the direction of any reflected ray is equal to 
R/4G where G is the Gaussian curvature at the point 
of reflection. Therefore, we have 


sina — 2p(a) 
o(0) = =~ R(@)I(a) Garr “. 


(18) 


o(8, ¢) aa 
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Let us make use of (18) to analyze the inverse prob- 
lem. We see that when o and R are known for all values 
of their arguments, the Gaussian curvature G is deter- 
mined over the hemisphere 0<@<7/2 of the unit 
sphere. This unit sphere, each point of which corre- 
sponds to the direction of the normal at one point on the 
reflector surface, is called the spherical image of that 
surface. The problem of determining a surface when its 
Gaussian curvature is given on the entire surface of the 
spherical image is known as Minkowski’s problem [3]. It 
has one and only one solution for any sufficiently 
smooth positive function G(6, ¢) which satisfies the con- 
dition 


f G1(6, 6)n@, 4)d2 = 0. (19) 


Here n(6, ¢) is the unit normal at the point 0, ¢; dQ is 
the element of area of the unit sphere, and the integra- 
tion extends over the whole sphere. Thus for any arbi- 
trary [subject to (19)] smooth continuation over the 
rest of the sphere of the function G given on half the 
sphere by (18), there is exactly one reflector. The re- 
flector shape is determined by the solution of an elliptic 
partial differential equation involving G. Therefore, we 
may conclude that the shape of all parts of the reflector 
are effected by the arbitrary continuation of G. Conse- 
quently, the data provided by (18) do not suffice to de- 
termine the shape of the reflector nor any part of it. The 
inverse problem has too large a family of solutions. 

Suppose, however, that two functions o,(0, @) and 
o_(0, @) are given, corresponding to two different inci- 
dent waves coming from opposite directions. If R is also 
known, then (18) determines G over the whole sphere. 
If this G satisfies (19)—as it must if it actually corre- 
sponds to a surface—then the inverse problem has a 
unique solution. The calculation of this solution, in the 
general case, requires the solution of an elliptic partial 
differential equation. In the cases treated in the previous 
sections, this equation could be reduced to an ordinary 
differential equation. This explains why explicit solu- 
tions could be obtained in those cases. 
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On Scattering by Large Conducting Bodies* 
ROGER F. HARRINGTON 


Summary—Two sets of sources, equivalent in the sense that they 
produce the same field as does an illuminated conductor, are dis- 
cussed. Both representations are suggestive of approximation. Crude 
approximations are made, yielding what are called ‘‘the physical op- 
tics solution,” and the ‘image induction solution.” It is shown that 
these two solutions are reciprocal to each other. This means that, 
given a source and an observer, the solution by one method is equal 
to the solution by the other method with the source and observe 
interchanged. Both solutions are amenable to further refinement if 
more accurate solutions are desired. 


INTRODUCTION 
“Pee paper is concerned primarily with two ap- 


proximate solutions to problems of electromag- 

netic wave scattering by large conducting ob- 
stacles. One of these, the physical optics solution, has 
received considerable attention in the literature.! The 
other, stemming from an application of the induction 
theorem,? appears to have been overlooked. These two 
solutions are of the same order of approximation, and 
are in a sense complementary to each other. 

Let us consider first the exact equivalences from 
which our approximations originate. Fig. 1(a) represents 
a conducting body illuminated by an electromagnetic 
source. Let the total field E, H be expressed as the sum 
of an incident field E*, H*, equal to that of the source 


with the conductor absent, plus a scattered field E*, H°, 


produced by the currents on the conductor. If the con- 
ductor is perfect, these are surface currents given by 


=n (1) 


as illustrated by Fig. 1(b). Schelkunoff’s induction 
theorem applied to a perfectly conducting body states 
that the magnetic surface currents 


K=nxX E (2) 
with the conductor retained, also produce the scattered 
field E*, H*, This is illustrated by Fig. 1(c). We say that 
the two source systems of Figs. 1(b) and 1(c) are equiva- 
lent in the region external to the obstacle boundary, for 
they produce the same field in this region. We shall call 
Fig. 1(b) the physical equivalent, and Fig. 1(c) the in- 
duction equivalent. 

A short discussion of these two equivalences is in 
order. In the physical equivalent, we have the unknown 
current of (1) radiating into unbounded free space, pro- 
ducing a field E*, H’ external to Sanda field — E', —H' 


* Manuscript received by the PGAP, June 16, 1958. 
ee a ee Engrs, aoe Hanae Syracuse, N. Y. 
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eee Bee New York, N : Mes 1955. ee 
+S. A. Schelkunoff, “Electromagnetic Waves,” D 
Co., New York, N. Y., p. 158; 1943, epee 


internal to S. We can immediately construct the poten- 
tial integral solution 


vx ffs 


If we knew the current, we could determine the scat- 
tered field. An exact determination of J requires the 
solution to the original boundary-value problem, Fig. 
1(a). In the induction equivalent, we have the known 
currents of (2) radiating in the presence of the conduc- 
tor. Let [['] be the tensor of proportionality between 
an element of current on the conductor and the H field 
it produces, that is, 


e—ikr Te external to.S. 
ds = 
Arr — Hi? internal to S. 


(3) 


(4) 


The total scattered field is then simply an integration 
over the partial fields, or 


Hee f J wrixas. 


If we knew [I'], we could determine the scattered field. 
The exact determination of [['] requires the solution to 
a boundary-value problem of the same (or greater) com- 
plexity as the original boundary-value problem, Fig. 1(a). 


dH = [V]dK. 


(5) 


(a) 


(b) (c) 
Fig. 1—(a) Original problem, (b) physical equivalent, 
(c) induction equivalent. 


APPROXIMATIONS 


Our solutions so far are exact. If the exact solution is 
desired, the equivalent problems of Figs. 1(b) and 1(c) 
represent no advantage over the original problem of 
Fig. 1(a). The value of the equivalent problems lies in 
the approximations that they suggest. We shall in this 
paper discuss only the crudest type of approximations. 

The physical optics solution involves the following ap- 
proximation for J in Fig. 1(b) and in the corresponding 
(3). For a large obstacle having large (with respect to 
wavelength) radius of convex curvature, the illuminated 
portion of the conductor is similar to a large plane re- 
flector. The tangential components of magnetic inten- 
sity at an infinitely conducting ground plane are exactly 
twice those from the same source in unbounded space 
(recall image theory). Using this knowledge, we approxi- 
mate (1) by 


J=2n xX Ht (6) 


- 
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_over the illuminated portion of S. In other words, (3) 
reduces to 


ev ikr 
=x { f ds X Hi (7) 
LITE: 


where S’ is the illuminated portion of S. Further refine- 
ments in approximating J can be made if desired. 


The corresponding approximation in the induction 
equivalent problem, Fig. 1(c), leads to what we shall 
call the image induction solution. Again we assume large 
obstacles of small convex curvature to approximate a 
plane reflector. The field of each element of K on S is 
then approximated by the field of a magnetic dipole 
adjacent to an infinite ground plane. According to image 


_ theory, this field is the same as that from a magnetic 


dipole of twice the moment radiating into unbounded 


free space. This applies only in front of the ground plane, 
the field being zero behind the ground plane. Thus, in 
the image induction solution, we take the field of each 
element of K to be that of 2K in free space if K is seen 
from the observation point, and zero when not seen. In 
other words, we approximate (5) by 


1 
H* = —vxX vx fff 
JOM ” 


where S$” is the portion of S seen from the observation 
point. Further refinements in approximating [I] can 
be made if desired. 


ek r 


ds X Et (8) 
2ur 


A pictorial representation of the above approximate 


solutions is given in Fig. 2. The general problem is repre- 
sented by Fig. 2(a). It consists of a source producing the 
incident field, a conducting obstacle producing the scat- 


tered field, and an observer representing the point at 


which the field is to be evaluated. In the physical optics 


solution, Fig. 2(b), the currents of (6) exist only over 


S’ (illuminated by the source) and radiate into un- 
bounded free space. In the image induction solution, 
Fig. 2(c), the net effect of our approximations is that 
double the currents of (2) exist over S’’ (seen by the 
observer) and radiate into unbounded free space. 


observer 
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ee F 


Pie J 
— Ls 
i) eens 
source A J 
ex nf ae ww hie 
(a) (b) 


A X 


(c) 
Fig. 2—(a) Original problem, (b) physical optics approximation, 
(c) image induction approximation. 
RECIPROCITY 


An exact solution to the scattering problem satisfies 
the reciprocity theorem. The approximate solutions 
(physical optics and image induction) do not, in general, 


: i i tic 
3V. H. Rumsey, “The Reaction Concept in Electromagne 
Theory,” Phys. Rev., vol. 94, p. 1483; June 15, 1954. 
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satisfy the reciprocity theorem. There is, however, an 
interesting reciprocity relationship existing between the 
physical optics and image induction solutions. 

A general statement of reciprocity in terms of electric 
and magnetic sources is 


ff Gea. - HyaK,) - | Geah — H2-dK;) (9) 


where E;, H; is the field of J;, K;. In the problem of 
Fig. 2(a), visualize a set of terminals (1) at the source 
and a set of terminals (2) at the receiver. If unit electric 
currents are impressed across both these terminals, (9) 
reduces to 


Vio = Var, or Viet + Vie? = Voit + Voie (10) 


where V;; represents the voltage at terminals 7 due to 
the unit current at terminals 7. The superscripts 7 and s 
refer to incident and scattered components. Since 
Vizt= Vai by reciprocity, the second equation of (10) 
reduces to 


Vie® = Voit (11) 


Thus, in the exact solution, the scattered field received 
remains unchanged when source and observer are inter- 
changed. Eq. (11) does not apply when the physical 
optics method is used to evaluate both V’s, or when the 
image induction method is used to evaluate both V’s. 
Now suppose that we evaluate Voi* by the physical 
optics method, and V1.5 by the image induction method. 
By (9), applied to the problem of Fig. 2(b), we have 


(V 21°) phys.opt. = ff E;*- Jids 
s 
= 2ff E,'-n x Hi,x'ds 


where the last equality makes use of (6). The problem to 
be evaluated by the image induction method is recipro- 
cal to that of Fig. 2(c); that is, source and observer are 
interchanged and K exists over S’. We then have by (9) 


= ieah Hi, Keds 
S 


=— 2f H,'-n X Ex‘ds (13) 
S’ 


(12) 


(V12°)im. ind. = 


where the last equality stems from (8). A comparison of 
(12) and (13) shows that 


(V49°) im ind. = (Vos) pha. opt. 


Thus, an evaluation of the scattered field by the physical 
optics method is equivalent to an evaluation of the 
scattered field of the reciprocal problem by the image 
induction method, and vice versa. If we are interested 
only in back scattering (radar echoes), the two methods 
give exactly the same answer. In this case, the source 
and observer coincide and the reciprocal problem is the 
same as the original problem. 


(14) 
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‘The equivalence of back scattering for the two meth- 
ods, and the reciprocity relationship of differential scat- 
tering, can be illustrated pictorially. In Fig. 3(a) we 
represent an element of the scatterer and an incident 
plane wave. The current element of the physical optics 
solution corresponding to this element of scatterer 1s 
shown in Fig. 3(b). The current element of the image 
induction solution, with its image taken into account, is 
shown in Fig. 3(c). Let the fields be normalized so that n 
(intrinsic impedance) is unity, and E'=H*. Then the 
magnitudes of K and J are in the ratio sin 0. But the 
radiation pattern of K is different from that of J, as 
shown in Figs. 3(b) and 3(c). The field radiated back 
from J is sin 6 times its maximum radiated field, while 
that from K is equal to its maximum. These two effects 
just compensate one another, so that J and K radiate 
equal fields in the back direction. For an incident plane 
wave of polarization orthogonal to that of Fig. 3(a), the 
magnitudes, directions, and patterns of J and K are 
essentially reversed, giving no net change in the results. 
The picture for differential scattering is a little more 
complicated, but can be constructed by similar reason- 
ing. If the incident field is not a plane wave, and if the 
observer is not distant from the scatterer, a simple pic- 
ture of the type of Fig. 3 would not be possible. We must 
then rely upon the mathematics to assure us of the rec- 
iprocity relationship of (14). 


pattern rece 
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2 
FS ae cS At oe gl element 2 ai 
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K = 2E'sing 
(a) (b) ) 
Fig. 3—(a) Incident field and element of scatterer, (b) current ele- 


ment of physical optics method, (c) current element of image in- 
duction method. 
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AN EXAMPLE 


To illustrate the concepts of this paper, let us consider 
an example for which the exact, physical optics, and 
image induction solutions can readily be obtained. In 
particular, take the case of a semi-infinite ground plane 
illuminated by a plane wave, as illustrated by Fig. 4(a). 
Let the incident wave be specified by 


H,' — etk sin 09+z cos 60) 


(15) 


The exact solution for the distant scattered field can be 
obtained by the Wiener-Hopf method,! and is 


2 sin (80/2) sin (6/2) 


> C (kp) (16) 
kp—> « cos 6) + cos 0 
where 
e—ikp 
C(kp) = Whar > (17) 


4E. T. Copson, “On an integral equation arising in the th f 
diffraction,” Quart. J. of Math., Oxford Series, val 17, pp. 19-26: 
January, 1946. 
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Fig. 4—(a) Plane wave incident upon a conducting half-plane, 
(b) physical equivalent, (c) induction equivalent. 


The physical equivalent for the scattered field is shown 

in Fig. 4(b). Using the physical optics approximation for 

J., we find 
sin 6 


ke) Ga 


H,?) hye. opt. —— > C 
(Av")obye. ont k cos 6) + cos 6 


(18) 


The induction equivalent for the scattered field is shown 
in Fig. 4(c). Imaging K, whenever it can be seen by the 
observer, we have for the image induction method 


sin 60 


(19) 


(Hy) im. ind s=5 a ae & k eS 2 ge tn ee Se 
kp— © cos 8) + cos 6 


Eqs. (18) and (19) were obtained by the usual vector 
potential method. 

For the above example, note that, a) The exact solu- 
tion obeys reciprocity; b) the physical optics solution 
and the image induction solution do not individually 
obey reciprocity; c) the physical optics solution and the 
image induction solution are reciprocal to each other; 
d) the physical optics solution and the image induction 
solution give the same back-scattered field. It should be 
expected that both the physical optics method and the 
image induction method converge to the exact solution 
for a large smooth obstacle. They do not for the half- 
plane example of Fig. 4 because of the sharp edge at 
2=0. Note that they do, however, approach the exact 
back scattering as 6 =0)—90°. This is to be expected, for 
at this aspect all J, in Fig. 4(b) and all K, in Fig. 4(c) 
radiate in phase, masking the contributions from ele- 
ments near the sharp edge. 


eee 
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CONCLUSIONS 


Two equivalent sources for the field scattered by a 
conducting obstacle have been discussed. These can be 
summarized as follows: a) The physical equivalent, 
which results in a known formula for the scattered field 
in terms of unknown currents; b) the induction equiva- 
lent, which results in an unknown formula for the scat- 
tered field in terms of known currents. Both representa- 
tions are suggestive of approximation. In the first, we 
Can approximate the currents. The crudest approxima- 
tion, (6), yields the physical optics solution. In the 
second, we can approximate the field of the currents. 
The crudest approximation, that of using image theory, 
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yields the image induction solution. Further refinements 
of approximation can be made in either solution. The 
theory can be extended to imperfect conductors or to 
dielectrics, but it becomes more difficult to formulate 
valid approximations. 

If one is interested only in the crude approximations 
of physical optics and image induction, then there is no 
need to solve a given problem by both methods. They 
must always give the same back scattering and recipro- 
cal differential scattering. However, as further approxi- 
mations are made, this reciprocity relationship no longer 
applies. One should then use whichever method results 
in the best approximation for an allowable degree of 
complexity. 


Asymmetrical Trough Waveguide Antennas* 
W. ROTMANY anv A. A, OLINER{ 


Summary—Line source radiators of the leaky wave type may be 
constructed readily with trough waveguide, which consists of a rec- 
tangular trough containing a symmetrically located center fin. Two 
types of such radiators are investigated: a continuously asymmetrical 
form suitable for near endfire radiation, and a periodically asymmet- 
rical design permitting radiation through broadside. The propagation 
characteristics of the leaky wave on the continuously asymmetrical 
structure are determined theoretically by means of a transverse 
resonance procedure, and comparison is made with measured values. 
The influence of finite center fin thickness is also accounted for. 
Designs and radiation patterns are presented for a typical antenna of 
each type. 


I. INTRODUCTION 


| INCE the properties of a microwave linear antenna 
S array are strongly influenced by the transmission 
line on which the radiators are located, the trans- 
mission line is a logical starting point for building new 
types of line sources. The trough waveguide, shown in 
Fig. 1, has several interesting characteristics. This sym- 
metrical structure is mechanically open on one side, yet 
is a nonradiating transmission line. It combines the 
mechanical simplicity of a strip transmission line with 
the frequency characteristics of a waveguide. It can be 
coupled smoothly to a coaxial line. Its bandwidth for 
single-mode propagation is greater than that for rec- 
tangular waveguide by a factor of about 3/2. These ad- 
vantages, in addition to simple means of obtaining con- 


*M ipt received by the PGAP, June 30, 1958.)*.. 
Wie. Paree Cambridge Res. Center, H. G. Hanscom Field, Bed- 
ford, Mass. 


+ Microwave Res. Inst., Polytech. Inst. Brooklyn, Brooklyn, 


(b) 


Fig. 1—Symmetrical trough waveguide, (a) full view, 
(b) cross-section view for zero-thickness center fin. 


trolled radiation by a controlled asymmetry in the 
trough structure, have stimulated interest in trough- 
guide antennas.! 

The present paper describes two types of troughguide 
antennas for fixed beam systems. One of these antennas 
is based on a continuously asymmetrical trough wave- 
guide, while the other is a periodically asymmetrical 
array. Design procedures are presented for both types of 
antennas together with experimental results, which in- 
clude the radiation patterns of typical structures. This 


1 W. Rotman and N. Karas, “Some new microwave antenna de- 
signs based on the trough waveguide,” 1956 IRE CONVENTION 
RECORD, pt. 1, pp. 230-235. 
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design discussion is presented in Section VI. The sec- 
tions preceding it are devoted to theoretical material 
and to direct experimental checks on the theory. Section 
II reviews the theory for the cutoff wavelength of sym- 
metrical trough waveguide, which isa nonradiating line. 
Section III presents a theoretical analysis of the propa- 
gation and radiation characteristics of continuously 
asymmetrical trough waveguide, while in Section IV 
these theoretical results are compared with measured 
values. In Section V the effect of finite center fin thick- 
ness on both the symmetrical and asymmetrical trough 
waveguides is considered, and comparison with meas- 
urement is presented for the symmetrical case. The 
measured results in both Sections IV and V show good 
agreement with the corresponding theoretical values. 

When the trough waveguide is made asymmetrical in 
a continuous fashion, the bound mode of the guide is 
changed into a leaky wave and radiation is produced all 
along the length of the guide. This leaky wave is similar 
in character to that produced in rectangular waveguide 
by a continuous slit, say, in one of the narrow walls. The 
wave can be described by a complex propagation con- 
stant which is determined, in Section III, by means of a 
transverse resonance procedure. The resulting trans- 
verse resonance relation, which is a complex transcen- 
dental equation, is solved by a perturbation technique 
to obtain expressions for the attenuation and phase con- 
stants in simple and practical form. 

Since the continuously asymmetrical trough wave- 
guide is a continuous line source antenna, its radiation is 
restricted primarily to the near endfire direction. By 
introducing the asymmetry in a periodic fashion which 
includes a phase reversal between successive asymmetri- 
cal elements, this limitation is overcome and beams at 
any angle can be obtained. A practical means for ac- 
complishing this is discussed in Section VI. It is also 
shown that the method described permits operation 
even through broadside without pattern or impedance 
deterioration. 


II. SymMEtTricaL TRouGH WAVEGUIDE: THEORY 


The geometry of symmetrical trough waveguide is 
shown in Fig. 1. By virtue of the symmetry, it is a non- 
radiating structure. It is derived from symmetrical strip 
transmission line by placing a short-circuiting plate at 
the midplane of the latter.?:? For this reason, the domi- 
nant mode in trough waveguide is identical with the first 
higher mode in the strip transmission line. 

In view of the relation between strip transmission line 
and trough waveguide, the cutoff wavelength for the 
dominant mode in trough guide is obtained directly from 
that for the first higher mode in strip transmission line 
upon appropriate change in notation. One then finds 


* Airborne Instruments Lab., Advertisement on Tr - 
guide, Proc. IRE, vol. 44, p. 2A; August, 1956. one Neve 
_ *H.S. Keen, “Scientific Report on Study of Strip Transmission 
Lines,” Airborne Instruments Lab., Rep. No. 2830-2 on AFCRC 
Contract No. AF19(604)-708: December Tal 9555 
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that for zero-thickness center strips the cutoff wave- 
length A,o is given by the transcendental relation* 


oN AY 2 Neo (= ) 
b + tk 2rb : r 


co 


Neo 2b . 


co 


where 5S; is the rapidly convergent arcsine sum 


SOO a: (sin ay =). (2) 


n=1 n n 


Dimensions 0 and s are indicated in Fig. 1; the subscript — 
o on the cutoff wavelength signifies the nonradiating 
case. Eq. (1) is arranged as shown because the arcsine — 
sum contributions are not major, although significant; 
in employing (1) for computational purposes one should 
solve for s/b for values of b/Neo. The variation of Aeo/2b — 
with s/b is presented as the solid line of Fig. 2. 


Ss 20 - 25 


Fig. 2—Cutoff wavelength of dominant mode in 
symmetrical trough waveguide. 


When the arcsine sums are neglected, the dashed line 
of Fig. 1 is obtained. The latter is useful as an approxi- 
mate formula, particularly in the range of s/b large. The 
error in the use of the approximate form is less than 
3 per cent for s/b>1. 

Eq. (1) is valid for center strips of zero thickness. An 
approximate procedure for determining the effect on 
Xeo Of finite center strip thickness is presented in Sec- 
tion V. 


III. Leaky WAVES ON ASYMMETRICAL TROUGH 
WAVEGUIDE: THEORY 


A. Description of Structure 


One method of producing an asymmetry which is con- 
tinuous along the length of the trough waveguide is to 
make the two halves of the guide of different widths, as 


polheraN Oliner, “Theoretical developments in symmetrical strip 
transmission line,” Proc. Symp. on Modern Advances in Microwave 
Techniques, Polytech. Inst. Brooklyn, pp. 387-390; November, 1954. 
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shown in Fig. 3. Such asymmetry produces a leaky 
wave, resulting in a beam radiated at some angle de- 
termined by the wavelength and the geometry. 

The leaky wave obtained from this guide is similar in 
nature to those produced by rectangular waveguides 
containing, for example, a continuous slit or a series of 
holesin oneof the narrow walls.®> The wave is characterized 
by a complex propagation constant down the guide, 
wherein the attenuation constant is a measure of the 
power radiated per unit length along the guide. The 
_ angle of maximum radiation is then given approxi- 
mately, when the attenuation constant a is small, by 

sin 0 = d/),, (3) 
where 6 is the angle between the emerging beam and the 
normal to the guide axis, and ) and X, are the free space 


Rotman and Oliner: Asymmetrical Trough Waveguide Antennas 


155 

the bifurcation edge; they are related by 
Ly bes i | + 6 4 
Le =" 50 +- 6, ( ) 


where 6 is the shift to reference plane T (see Fig. 3) and 


is given by Marcuvitz,’ upon suitable change of nota- 
tion, as 


2b 1 xb 2 «b 
as ene 2 eg = 0,0)— —s.(= 50,0), (5) 
ye 


T K cis K 


where S; is defined by (2). The cutoff wavelength is 
equal to 27/k. ; 

The possible values of the transverse wavenumber x 
are determined from the resonances of the transverse 
network of Fig. 4. The resonance equation, found by 


_ and guide wavelengths, respectively. equating to zero the sum of the impedances looking both 


(b) 


Fig. 3—Continuously asymmetrical trough waveguide, (a) full view, 
(b) cross-section view for zero-thickness center fin. 


B. The Transverse Resonance Relation for Leaky Waves 


Following the procedure employed for leaky rectangu- 
lar waveguides,* the complex propagation constant char- 
acterizing the leaky wave is obtained by using the 
transverse resonance method together with a perturba- 
tion technique. Fortunately, the transverse equivalent 

network required in the transverse resonance procedure 
is directly available® for this geometry. The network is 
shown in Fig. 4; it is seen to parallel the geometry of 
Fig. 3, and to consist of two lengths of line, each short- 
circuited at one end and connected as shown at the other 
end. The lengths ZL; and Zz are different from the physi- 
cal lengths s; and s2 because of the fringing capacity at 


5. O. Goldstone and A. A. Oliner, “Leaky Wave Antennas I: 
Rectangular Waveguides,” accepted for publication in Trans. IRE, 


1. AP-7. ; 
ae’ N. Marcuvitz, “Waveguide Handbook,” Rad. Lab. Ser., vol. 10, 


McGraw-Hill Book Co., New York, N. Y., 1951; pp. 353-355. 


to the right and to the left at reference plane T, is 


tan cL; + tan «Le = 23, (6) 


where L; and ZL» are given by (4) and (5). Although (6) 
is a rigorous relation, when the center strip is of zero 
thickness and when the parallel plates of spacing 26 ex- 
tend to infinity, it is a complex transcendental equation 
whose exact solution is far from simple to obtain. We 
may also note from (5) that the lengths Z; and Le are 
functions of x, although this dependence is far from 
dominant. 


— i T T 


Fig. 4—Transverse equivalent network for 
asymmetrical trough waveguide. 


C. Perturbation Solution for the Lowest Leaky Wave® 


For practical reasons, one is usually interested in a 
leaky wave with slow leakage; it is easier under these 
conditions to taper the leaky guide in order to obtain the 
desired aperture distribution. It is therefore appropriate 
to solve the resonance relation (6) approximately by 
perturbing about the symmetrical, and therefore non- 
radiating, case. Recognizing from Fig. 3 that 


Lz = Li — d, (7) 

7 Ibid, p. 353, (2a). 

8 The transverse resonance relation (6) can also be solved by sepa- 
rating it into two equations whose simultaneous solution gives the 
real and imaginary parts of the complex propagation constant in the 
transverse plane. This method has been used by one of the authors to 
obtain an alternate solution for the asymmetrical trough waveguide. 
Numerical results computed from both the perturbation and non- 
perturbation methods are in substantial agreement, although some- 
what closer agreement with measurement is found for the perturba- 
tion method. For the alternate analysis, together with additional 
experimental information, see W. Rotman and S. J. Naumann, “The 
Design of Trough Waveguide Antennas,” AFCRC Rep, TR-58-154; 
June, 1958. 
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(6) can be rewritten as 


tan cL; + tan «(Li — d) = 2). (8) 


Slow leakage occurs when dy; under these conditions 
the complex « value which is the solution of (8) is only 
slightly different from the unperturbed value «., which 
is real and is 


T 
Roar 


= (9) 
2L1 


where Ly is given by (4) and (5). x is also a solution of 
(1), since x)= 2m/No in the symmetrical case. These re- 
sults for x, are, of course, identical; for simplicity, the 
solid curve of Fig. 2 is recommended when numerical 
values of x, are desired. 

Writing 


Tv 
= Ko AKC SS + Ak, (10) 
K = Ko + Ak OL, 


and substituting into (8), one finds 


Tv 
tan |= + La | 


d 
ee eerie ee np op et) 
2 2L ’ 


1 


or 


d 
cot (Z;Ax) + cot gE _ | = — 2), (12) 


1 


on use of (7). The perturbation approximation is em- 
ployed at this step; since L;Ax, LoAx, and d/JZ, are all 
assumed to be small quantities, (12) may be written as 


1 1 
ji 1 eee 


ana (13) 
Eq. (13) yields the following for Ak: 
d 
(An)2(2} LiL) + (Ax) [L1+ Le — jad] — = =0. (14) 
1 


The solution of (14) is 


Ak = 
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—[Li+ L2 — jrd] ae (Li + Le) /1-( 


April 


he = B — ja = VP. (17) 


By employing (10) and the approximations appropriate — 


to the perturbation procedure, (17) can be simplified so 
as to relate a and @ to the real and imaginary compo- 
nents of (16). Defining 


Bo = Reo = Vk? Kae 
and substituting (10) into (17), one finds 


KAk 
pl i = 


when terms of the order of (Ax)? are neglected. Eq. (19) 
may be rewritten in the form 


Ee (19) 


: gap hs a Re (Ax) (20) 
a= bs Im (Ax). (21) 


o 


Since ko=27/Aceo and Bo=2m/Ago, Where Aco and Ag. are 
the cutoff wavelength and guide wavelength of the 
symmetrical, and thefefore nonradiating, trough wave- 
guide, (20) and (21) can be rephrased as 


Ma 4S Re (An) (22) 

age re Be 
a = — Im (Ax), (23) 

with 
Re (Asy'= E ¢ | (24) 
Oa! (54 iaie eecwers aie 
(xd)?* 

Im (Ax) = (25) 


8LyL2(Li + Le) 
IV. ASYMMETRICAL TROUGH WAVEGUIDE: 
COMPARISON WITH MEASUREMENT 


Measurements of the values of a and of \/A, for sev- 
eral asymmetrical trough waveguides are compared in 


ra? 


T 2 
ee 
Ii + Le (Ly + £2)? 


4jL Le 


upon rearrangement of the square root term. If one ap- 
proximates the square root term, since d/Z;<1, and 


chooses the positive sign in (15) to keep Ax small, one 
finds 


K = eT es SSS 
AL Ls jel ee RE (am ah ae 


The complex propagation constant k, in the longitudi- 
nal direction is related to the transverse wavenumber 
K by 


, (15) 


Figs. 5 and 6 with theoretical values which are com- 
puted by means of (22) to (25). Values of \/\, and of a 
in decibels are plotted as a function of the step thickness 
d (see Fig. 3) for three different values of center strip 
width s;. The theoretical values are plotted as a solid 
line, while the measured results are indicated as indi- 
vidual points. It is seen that the agreement is reasonably 
good. The approximate theory described here is not ex- 


pected to be valid for values of d/s, greater than about 
Om; 


(18) 


YS) at ate end ielpe werent 


cide 


Were 4enteg=< 


ee a ae 


bie 


EE 


Eales 


TT LLL 


Seeepeee 
ert | | | 


0.2 o3 0.4 05 


Fig. 6—Attenuation constant in asymmetrical trough waveguide. 


The theoretical values are computed using the follow- 
ing procedure. First, the propagation characteristics of 
_ the symmetrical, or unperturbed, trough waveguide are 
obtained by taking s=s,. From a knowledge of the 
geometry of the guide, the ,. value is found from the 
curve of Fig. 2; the value of \,. is then readily deter- 
mined. For the perturbation calculation for the case of 
the asymnietrical trough guide one then computes Li 
from 


2b 
dG = s,s +—In 2; (26) 
TT 


and ZL» using (7). It is unnecessary in this perturbation 
calculation to use the more accurate expressions (4) and 
(5) for Li; their use makes only a tiny numerical differ- 
ence anyway. With Z; and L2 known, the real and 
imaginary parts of Ax are found via (24) and (25), and 
the final desired values of \/A, and @ from (22) and (23). 


V. Errect OF FINITE THICKNESS OF CENTER FIN: 
THEORY 


All of the equations above are valid when the center 
fin is of zero thickness. In practice, however, the center 
fin will possess some finite thickness and the values of 
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guide wavelength and attenuation constant will be 
somewhat different accordingly. The approximate ef- 
fect of such fin thickness can be accounted for in a 
simple manner. This treatment is applied first to the 
symmetrical trough guide. 


A. Symmetrical Trough Waveguide® 


The symmetrical trough waveguide with a finite 
thickness center fin is shown in Fig. 7. When the center 
fin is of zero thickness, as in Fig. 1, the cutoff wave- 
length A... which is given by (1), is different from 4s be- 
cause of the fringing susceptance at the edge of the fin. 
This fringing susceptance is seen from (1) to consist of a 
static term, (2/7) In 2, plus frequency dependent terms 
in the form of arcsine sums. However, one notes from 
Fig. 2 that the value of \,. computed using the total 
fringing susceptance, represented by the solid curve, 
differs only slightly from the value obtained by using 
the static contribution only, denoted by the dashed line. 
It is therefore seen that the static contribution is the 
dominant one by far. 


Fig. 7—Symmetrical trough waveguide with 
finite thickness center fin. 


When the center fin is of finite thickness, a rigorous 
expression for the corresponding fringing susceptance is, 
unfortunately, not available as in the zero-thickness 
case. The static contribution to this susceptance, how- 
ever, is given in the literature.!° If we then assume that 
the static contribution remains dominant, and that the 
frequency dependent contribution, which is not very 
significant, does not change with thickness, we have 
available a simple approximate means of treating the 
thick center fin case. 

The results given by Thomson!’ may be employed 
directly as a correction term which permits (1) to apply 
also to thick center fins. If we denote by 


(Aco) t=0 
the value of \,. for the zero-thickness case, and by 
(Aco) ¢ 


the value when the center fin is of finite thickness ¢, then 
we may write 
(Aco) t ie (Aco) t=0 
4b Ab 


(27) 


Si 


9K. S. Packard, of the Airborne Instruments Laboratory, has in- 
dependently obtained a correction to the cutoff wavelength for sym- 
metrical trough waveguide which is similar to that discussed here 
but is derived in a different manner. His work is as yet unpublished. 

10 J. J. Thomson, “Recent Researches in Electricity and Mag- 
netism,” Clarendon Press, Oxford, Eng., p. 221; 1893. 
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= n 
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and where (Aco) <0 is obtainable from (1). 
When the fin thickness ¢ is small, (27) reduces to 


co) t=' t t 
(Neo) ¢ fe (A )e 0 Ai |! ae in|. 
4b 4b 27b b 


The correction term in (28) agrees with A in (27) to 
within 1 per cent for ¢/2b<0.05, and to within 3 per cent 
for t/2b<0.10. The percentage error in (Ago): due to the 
use of (28) rather than (27) is much less, of course, and 
depends on the value of s/0. 

A plot of the correction terms A of (27) as a function 
of ¢/20 is given in Fig. 8. It is seen that the cutoff wave- 
length increases with ¢ for low values of t/20, but then 
decreases as the thickness increases further. In the limit 
as t->2b, A approaches the value 


2 
| - —In 2], 
T 


exactly cancelling the corresponding term appearing in 
(1). The correction term in (28) is also presented in 
Fig. 8 as a dashed line. It is seen that the two curves 
agree well for small thickness, up to ¢/2b=0.10 or so. 

A comparison between theoretical values for (Aco) s; 
computed from (27) with measured values, is presented 
in Fig. 9. The agreement is seen to be very good. 

The effect on 8, or Ago of a small change in center fin 
thickness can be estimated readily. Let the change in 
eo due to this thickness be written as 


(28) 


(Aco) t (Aco) -=0(1 ae 5), (29) 
where 
= ADA (30) 
(Nea) t=0 
and A is defined by (27). We therefore have 
Bola 3 Reo) t=0(1 — 
(Reo) ¢ mi = (kco)t=0(1 — 4), (31) 
when 6X1. Since 
(Bo) ¢ = Vk? = (I Cay; 
we find, upon substitution of (31), 
Reo\? 
(Bo): = (6) 1 “0 (=) |, (32) 
Bo/ t=o 
or 
Nsowie 
(Ago) t = (Ngo) t=O) E 0 (=) ‘A (33) 
Noa t=0 
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Fig. 8—Thickness correction for cutoff wavelength of 
symmetrical trough waveguide, 
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Fig. 9—Cutoff wavelength (Ao): vs fin thickness ¢ for 
symmetrical trough waveguide. 


We therefore see that small center fin thickness will 
increase the cutoff wavelength but will decrease the 
guide wavelength. We also note that the effect of thick- 
ness is more pronounced when the mode is nearer to 
cut-off. 


B. Asymmetrical Trough Waveguide 


The calculations associated with the perturbation 
procedure are affected in two places by the finite thick- 
ness of the center fin. First, since the perturbation pro- 
cedure begins from the symmetrical case just treated, 
the values of \.. and A,o in (22) and (23) must now be 
replaced by (Aco) ¢ and (Ago), Where (Aco): is given by (27) 
or by the combined use of Figs. 2 and 8, and where 
(Ago)z is found from 


See toot a 
V1 a [X/ (eo) aA 


Second, the calculation of Ly is affected. Eq. (26) for Ly 
must now be replaced by 


(Ago)t = (34) 


SEP S aierein (35) 
Tv 

with A given by (27) or Fig. 8. Le is still found from (7). 

The effect of small thickness on a and X/A, can be 
estimated by using (29) and (33) to examine (22) to (25). 
Noting that (Zi):-0 can be written as (Aco) :-0/4, we 
readily obtain the following approximate relations in 
terms of 6, which is defined in (30) and is <1: 


Sa 
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Ngo\2 
eae 
5 t=0 


(a)1 ~ (a) x0 Tay (36) 
CON ye aaa Gal 
Hse) 
2; E eRe (ae) | : am oe 


_At midband operation, \,. ~ 2\..; under these conditions 
(36) and (37) reduce to 


(a), = (a) =o [1 ae 86 | 


+2 tela 


= E oe Re (a) | ue [1 — 78]. (39) 


1 Neo 


(38) 


From these relations it is seen that the effect of small 
thickness is to decrease a but to increase \/),. 


VI. DEsIGn oF TRouGH WAVEGUIDE ANTENNAS 
A. Continuously Asymmetrical Radiator 


A narrow-beam troughguide antenna was constructed 
as an illustrative example. Its parameters include the 
following theoretical values: 


Design frequency: f,=4 kmc 

Guide wavelength ratio; \,/A, = 0.738 

Angle of emerging beam: @=47.5° [from (3) | 
Percentage of input power radiated: 90 per cent 
Length of array: L=24 inches 

Troughguide width: 2b=1 inch 

Amplitude distribution: 


eee tye, nes 
UN Pr 0 Wt 2 0 Nee car me 
2 - 


Side lobe level: 22 db down from peak. 


The attenuation constant necessary to give the de- 
sired amplitude distribution is computed from™ 


A 
2a(z) = . P(L) . 
Ade -- Adz 
: P(O) — P(L) Jo 
__hepers (40) 
unit length 
where 
P(L) a 1 
P(O) 10 


11 J. N. Hines, V. H. Rumsey, and C. H. Walter, oprayeline wave 
slot antennas,” Proc. IRE, vol. 41, pp. 1624-1631; November, 1953. 
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The measured data of Figs. 5 and 6 were used to com- 
pute the dimensions of the trough waveguide, which 
varies in cross section along its length. 

Radiation patterns of this antenna were measured 
over the frequency range from 3.4 to 5.0 kmc. A typical 
pattern at the design frequency of 4 kmc is shown in 
Fig. 10. Patterns at other frequencies were equally good 
except at frequencies below 3.6 kmc. This degradation 


at low frequencies may be caused by cutoff effects in the 
troughguide. 
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Fig. 10—Radiation pattern of a continuously asymmetrical 
trough waveguide antenna. 


The 4-kmce radiation pattern exhibits the character- 
istics predicted from theory. For example, the peak of 
the beam is at the theoretical value of about 48°. Also, 
the side lobe level is everywhere lower than 20 db below 
the peak (with the exception of a small shoulder at 
16 db). The half-power beamwidth is about 11°; this is 
compatible with the size of the aperture. 

The input VSWR to this array (measured in a uni- 
form section of troughguide) is below 1.3 over the entire 
frequency range from 3.4-5.0 kmc. These character- 
istics indicate the broad-band nature of the asymmetri- 
cal trough waveguide. 


B. Pertodically Asymmetrical Radiator 


The limitation of the troughguide antenna with con- 
tinuous asymmetry is that the radiation patterns are 
limited primarily to those with peaks in the near end- 
fire direction. This restriction may be overcome if phase 
reversal is introduced by varying the asymmetrical base 
periodically between alternate sides of the center fin, 
as shown in Fig. 11, in which the troughguide is shown 
placed on its end. When the center-to-center spacing 
between successive asymmetrical sections (base blocks) 
is one-half the guide wavelength, a broadside beam re- 
sults. In the construction of the array, each base block 
was also made one-half guide-wavelength long. In gen- 
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eral, the principal maximum of the radiated beam oc- 
curs at the angle: 


(41) 


where a is the center-to-center spacing between succes- 
sive blocks. If the beam is restricted to near broad-side 
conditions and if the guide wavelength is less than twice 
the free space wavelength, no other principal maxima 
appear. 


Fig. 11—Periodically asymmetrical trough waveguide. 


The periodically asymmetrical troughguide antenna 
differs fundamentally from the usual linear array with 
respect to its impedance-frequency characteristics. 
Linear arrays of discrete resonant elements, such as 
series or shunt slots in a waveguide, can be classified 
into two types: resonant and nonresonant. 

Characteristics of the resonant (standing wave) array 
are a half-wave spacing between elements and an input 
impedance match when the beam is normal to the array. 
If the frequency is changed so that the beam is not 
normal, the antenna becomes badly mismatched and 
the pattern deteriorates. 

For nonresonant (traveling wave) arrays of resonant 
elements the situation is reversed. Here the element 
spacing cannot be a half-wavelength nor can the beam 
radiate in the direction normal to the array without 
impedance and pattern deterioration. As a consequence, 
for any type of end-fed linear array built of resonant ele- 
ments, the beam cannot be swung through the normal 
by changing the frequency. This restriction limits the 
bandwidth of the antenna and also its scanning capa- 
bilities. 

Some of these restrictions may be removed by the use 
of nonresonant radiators, such as the inclined-displaced 
slot in a waveguide,!? which can be adjusted to trans- 
form a terminating match at its output into a match at 
its input at a given frequency. In other words, the over- 
all impedance behavior of such an array at the chosen 
frequency is similar to that of a lossy transmission line. 


12\W. H. Watson, “Waveguide transmission and antenna sys- 
tems.” Oxford University Press, New York, N. Y., Secs. 6.6, 6.8, pp. 
93-102; 1947. 
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At other frequencies, the reflections from the indi- 
vidual compensated slots do not add up in phase. A 
traveling wave array built of such nonresonant elements 
therefore does not have the limitation on scanning capa- 
bilities which is inherent with resonant elements. Un- 
fortunately, little experimental data has been obtained 
for these slots since the capacitive irises or probes, re- 
quired as part of the matching adjustment, complicate 
the array. di 

An array of periodically asymmetrical base blocks in 
a trough waveguide can also be designed to possess the 
impedance characteristics of a lossy transmission line at 
a given frequency. The detailed mechanism of operation 
differs from that of the inclined-displaced slots, however, 
and permits a more broad-band performance. The beam 
from a traveling wave array of these blocks has good 
scanning capabilities, and does not deteriorate as it scans 
through the direction normal to the guide. These line 
sources exhibit very large bandwidth compared to ar- 
rays with resonant elements. 

The periodically asymmetrical block radiators are 
not inherently matched, however, since a small reflec- 
tion occurs at each interface between blocks in the 
troughguide. Experimentally, these reflections act like 
shunt negative susceptances in a plane close to that of 
the interface and therefore may be compensated by 
capacitive tuning posts placed on the center fin. This 
compensation is required only at the frequency for 
which the blocks are a half guide wavelength long since 
the reflections do not add up in phase at other frequen- 
cies. 

A linear troughguide array with a periodically asym- 
metrical base can be designed from a lossy transmission 
line viewpoint similar to that for the continuously asym- 
metrical troughguide. That is, phase and attenuation 
constants may be specified for each section of the line 
even though the line is not continuous. Furthermore, 
the relation between the amplitude distribution and the 
attenuation constant is still given by (40). The only 
basic difference is that the direction of the peak of the 
beam is determined by (41) rather than by (3). 

The dimensions of the periodically asymmetrical 
trough waveguide are shown in Fig. 12 as a function of 
attenuation constant for a constant phase velocity ratio, 
Xo/A, =0.738. These dimensions cannot be easily com- 
puted, but may be readily measured. For a given cross 
section, the guide wavelengths for both the continuous 
and periodic cases are almost identical, while the at- 
tenuation constant is somewhat less for the periodic 
structure than for the continuous structure. These re- 
sults are reasonable since the transmission line char- 
acteristics of either type of array, at a moderate dis- 
tance from an interface, are similar. Near each inter- 
face, however, the periodic type behaves like a sym- 
metrical structure and radiates less, thereby contribut- 
ing to a lower average attenuation rate. 

The height and position of the capacitive posts which 
are required to compensate a given block size are given 
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Fig. 12—Dimensions of a periodically asymmetrical trough 
waveguide vs attenuation constant. 
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Fig. 13—Post height # vs block height d for periodically 
asymmetrical trough waveguide. 
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in Fig. 13. For small block heights no compensating 
posts are required since their uncompensated reflections 
are very small. For larger blocks the posts are situated 
at the interfaces, while for the largest blocks the posts 
are moved back from the interfaces by a small fraction 
of a wavelength. This shift in position indicates that 
the block interface cannot be represented as a purely 
shunt susceptance, but that its equivalent circuit has a 
small series component. 

The location and dimensions of the posts were deter- 
mined experimentally from input VSWR measurements 
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Fig. 14—Effect of matching posts on input VSWR of 
periodically asymmetrical trough waveguide. 
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Fig. 15—Radiation pattern of a periodically asymmetrical 
trough waveguide array. 


of ten identical blocks, each a half guide wavelength 
long at the design frequency. The VSWR was measured 
with and without the matching posts in place and with 
the troughguide terminated in a matched load. The 
parameters and location of the posts were varied until 
the best possible match (averaged over a band of fre- 
quencies near the resonant value) was obtained. Fig. 14 
indicates the behavior of the input VSWR with and 
without posts for a block with a height of one-half inch. 

A narrow-beam, periodic, troughguide array was con- 
structed as a model. Its design is similar to that of the 
continuously asymmetrical array, except that the beam 
emerges broadside rather than at an angle. Its parame- 
ters include the following theoretical values: 

Design frequency: f,=4 kmec 

Guide wavelength ratio: \,/A, =0.738 

Angle of emerging beam: @=0° 

Percentage of input power radiated: 90 per cent 
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Length of array: 24 inches 

Length of individual blocks: a=2 inches 
Troughguide width: 26=1 inch 
Amplitude distribution: 


Grea fn tose 
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Dede 


Side lobe level: 22 db down from peak. 


The theoretical values of amplitude and attenuation 
constant at discrete points along the array are identical 
with those for the continuously asymmetrical case. The 
corresponding troughguide dimensions, such as block, 
fin, and post heights, are obtained from Figs. 12 and 13. 

Radiation patterns of this array, terminated in a 
matched load, were measured over the frequency range 
from 3.4 to 5.0 kmc. A typical pattern at the design fre- 
quency of 4 kmc is shown in Fig. 15. The input VSWR of 
the array is below 1.4 over the entire frequency range of 
3.4-5.0 kmc. The 16-db sidelobe level is higher than the 
predicted value, probably due to phase deviations 
caused by errors in the data of Fig. 12. This pattern and 
impedance behavior confirm our prediction that no 
resonant effects are present in the array. 


VII. Conclusions 


The trough waveguide is a relatively new form of 
transmission line which is easily adapted to the design 
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of new types of fixed-beam linear antenna arrays. The 
radiation from such arrays may be controlled by varying 
the degree of asymmetry of the structure. For beams 
near the end-fire direction this asymmetry can be made 
continuous while for broadside beams the asymmetry 
should be of a periodic type to introduce phase reversal. 
The theory of these structures is well understood and 
can be used to predict their performance. 

These radiators are superior, in many instances, to 
similar types constructed in standard waveguides. In 
particular, they may be easily adapted to parallel plate 
systems since the side walls of the trough waveguide 
may be extended indefinitely. Also, they have excellent 
bandwidth, are simple and compact mechanically, and 
have good radiation properties. 

Several other types of trough waveguide radiators, in 
addition to those reported here, have also been investi- 
gated. These include both resonant and nonresonant 
discrete radiators, and a traveling wave array of hori- 
zontal rods. Their characteristics are similar, but not 


‘superior, to those models which have been described. 
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A Contribution to the Theory of Cylindrical Antennas—Radiation 
Between Parallel Plates* 
L. LEWIN+ 


Summary—A solution of the wave equation is obtained corre- 
sponding to an outgoing cylindrical wave between two parallel ground 
planes, and satisfying the boundary conditions appropriate to a 
center-fed, full height antenna at the origin. Expressions for the an- 
tenna current and impedance are obtained from a small radius ap- 
proximation to these; formulas are obtained for comparison with 
those from usual antenna theory. Attention is directed to the expan- 
sion parameter and gap capacitance. 


I. INTRODUCTION 


INCE the complete formulation by Hallén! of the 
equation to be satisfied by the currents in a radiat- 
ing antenna, many attempts have been made to 


* Manuscript received by the PGAP, June 30, 1958; revised 
manuscript received December 30, 1958. 
e + Standard Telecommunication Labs., Progress Way, Enfield, 
n 


g. A 
‘E. Hallén, “Uber die elektrischen Schwingungen in draht- 
opuigen Leitern,” Uppsala University Arsskift, Sweden, No. 1; 


solve either the exact equation, or various approxima- 
tions to it. Since a suitable solution in closed form ap- 
parently is not obtainable, various expansions have been 
investigated,” including Fourier expansions and expan- 
sions in powers of a quantity Q (related to the antenna 
wave-impedance), and known as the expansion parame- 
ter. Since Q involves the logarithm of a nominally small 
quantity, this expansion is suitable if Q-! is small 
enough; but in practical cases Q-! is not all that small 
and since (within reason) a constant term can be ab- 
sorbed in the logarithm, there is really no unique choice 
of expansion parameter, and the absorption of such a 
constant alters the form taken by the expansion. This 
arbitrariness is really linked to the rather vague notion 


_ 2A full account of various expansions used in the theory is given 
in S. A. Schelkunoff, “Advanced Antenna Theory,” Chapman and 
Hall Ltd., London, Eng., ch. 5; 1952. 
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of the antenna wave impedance, which in the present 

case is not an accurately defined concept at all; and the 

various forms which have from time to time been pro- 
posed for this quantity reflect the possible choices of 
_ expansion parameter. At the other extreme, a naive ap- 
plication of transmission line theory leads through vari- 
ous approximations and ad hoc arguments to expressions 
which link up with the more rigorous theory. The para- 
dox of Van der Pol’s calculation of the radiation from a 
sinusoidal current distribution, in itself wattless, is well 
_ known. It is desirable to be able to exhibit in a straight- 

forward way these simpler approximations from the 
theory. 

A further complication, which has been rigorously in- 
_ vestigated for the case of an ellipsoidal antenna as an 
approximation to a cylindrical one, is the effect of the 
gap in the antenna, which must exist at the feed point 
if the antenna is to be excited by a generator. If this gap 
is reduced to zero, an infinite capacitance appears which 
shorts out the generator and makes the calculation 
valueless.* It is desirable to be able to separate out this 
“gap capacitance” as a separate term, so that the gap 
can be taken to be zero in the rest of the calculation. In 
practice, of course, the antenna is fed by a feeder, and 
the gap corresponds to the antenna end of the feeder. 
However, in order not to complicate the problem by the 
awkward geometrical problem caused by the introduc- 
tion of a real feeder, an idealized case is taken, but this 
idealization must not be pushed so far as to short out 
the gap completely. The actual effect of a transition at 
- the feed has been treated in detail by King* who shows 
how the impedance is modified from the ideal case by 
the proximity effects of the antenna and feeder. We shall 
not be concerned with this aspect here, though a simple 
formula for the gap capacity will appear in the course 
of the calculation. 

In a recent investigation® of the impedance of a probe 
in a rectangular waveguide, an expression was found in 
variational form for the probe impedance; but in fact 
this special form was not really required since the mode 
expansion used gave the complete and explicit solution. 
In retrospect it was apparent that the solution con- 
tained a special case of the antenna problem, namely, 
that of a full height antenna radiating into a rectangular 
waveguide and that for this configuration the antenna 
problem had, pari passu, been solved. 

The solution is given here for the simpler case of radi- 
ation into the cylindrical region between two parallel 
ground planes. The total height is taken, for simplicity, 
to be less than a wavelength, so that only one propagat- 
ing mode exists, but this limitation is not essential and 
the results can be used with very little alteration in the 
general case. The antenna is center-fed and full height, 


3 R. King, “Gap problem in antenna theory,” J. Appl. Phys., vol. 
26, pp. 317-321; March, 1955. ; 
ae R. King, “Antennas and open wire lines,” J. Appl. Phys., vol. 
20, pp. 832-850; September, 1949. ; : 
P iC Lewin, “A Eteiition to the Theory of Probes in Wave- 
guides,” IEE Mono. No. 259R; October, 1957. 
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shorted at the ends to the ground planes. An arbitrary 
terminating impedance, as in the case of the waveguide 
probe, can be included but is not treated here. Tai® has 
shown how the kernel for a current filament can be used 
to obtain, for an antenna in free space, an expression for 
the antenna impedance which, for a certain assumed 
form of current distribution, is identical to that calcu- 
lated from the rigorous kernel using surface currents of 
the same form on the antenna cylinder. In the probe 
investigation® divergencies arose from the use of a ficti- 
tious current filament rather than the actual probe cur- 
rent, and were removed by an ad hoc argument of an 
approximate nature. If Tai’s assumed current form had 
been used, a finite result would have been obtained, 
from which it appears that Tai’s conclusions are specific 
to his assumed form of current. This is sinusoidal in | 2| 
and therefore implies a 6-function excitation. As shown 
by King,’ and also here, an infinite shorting capacitance 
is associated with such a feed, but no such term appears 
in Tai’s results. Schelkunoff’ has shown that a rigorous 
solution of the integral equation with the filament 
kernel is impossible, and this is reflected in the diver- 
gence occurring in the probe analysis. It therefore ap- 
peras that for an accurate solution, the actual surface 
currents must be used, and these are treated in the pres- 
ent analysis. 

All surfaces are presumed to be of infinite conduct- 
ance. 


II. THE SOLUTION OF THE WAVE EQUATION 


Fig. 1 shows a cylindrical region with coordinates r, 
6, bounded by parallel plates at z= +36. At the origin 
is a cylindrical antenna of radius a with a gap at the 
center of (small) height 6. 

Throughout the gap we suppose a generator to supply 
a constant driving field in the z direction. If the voltage 


across the gap is V, then at r=a we have 
E, = — V/é for — 45 < z < 46, and zero elsewhere. (1) 


For r>a we need a solution representing uniform out- 
going or attenuated waves with E,=0 at z= +34 b. The 
radiating field involves the Hankel function Ho‘? (kr) but 
the superscript is to be understood and will be omitted 
henceforth. The attenuated waves involve the modified 
Bessel Function K. In view of the angular symmetry 
only E,, E,, and Hs components of the wave will be 
excited. 

The general solution satisfying the above conditions 
for r>a is 


ie = ApH (kr) /Ho(ka) 


+2 ss A,Ko(V nr) cos (2nmz/b)/Ko(Tna) (2) 


6 C. T. Tai, “A new interpretation of the integral equation formu- 
lation of cylindrical antennas,” IRE TRANS. ON ANTENNAS AND 
PROPAGATION, vol. AP-3, pp. 125-127; July, 1955. 

7 Schelkunoff, op. cit., p. 149. 
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Fig. 1—Center-fed cylindrical antenna between 
parallel earth plates. 


where 
Tn = V/(2nx/b)? — k? = 2nr/b 


when®n is large. In order to determine the A, we put 
y=a and use Fourier analysis in conjunction with (1), 


1 1/26 V 
A,=— — — cos (2nrz/b)dz 
b J 1/25 6 
V_sin (n76/b) 
es | @) 
b= (nr6/b) 
Since 
jk Sas 
a= —— | rE.dr and i, =. —-(29rHo) rma 
3007 An 


we get, for the total current, 
_  —jVa (Hy(ka) 
cos nee 
‘ “ k Kina) sin (n75/b) 
1 Tn Ko(Ena) (nnd/b) 


cos (2nns/0)\ . (4) 


The admittance is obtained by putting z=46 and di- 

viding by V. 

—ja {Hy(ka) a 
ae 

606 (Hi(ka) 4 


k K,(T,,a) sin (2n75/b) : 
T, Ko(Ena) (2n75/b) e ) 


III. APPROXIMATIONS FOR THE INPUT ADMITTANCE 


A) The usual approximation of antenna theory is that 
the radius of the wire is small. We can take Ho(ka) ~ 1 —j 
(2/m) log (Bka) where log B=y—log 2~ —.1159, and 
H(ka) ~2j/(ka). For the K functions we have K,(x) 
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~1/x and Ko(x)~—log (8x) when x is small, but 
K,(x)/Ko(x)—1 when « is large. Since T,a=1 when 
n~b/2ra, it is apparent that the approximation, valid 
near the origin, can only be used for the early terms of 
the series. However, in the limit of vanishing radius q 
more and more terms become included in this region, 
and we shall investigate first the quantity Y, obtained 
by making this approximation throughout, 


vee { 2j/ (aka) 
° 606 (1 — j(2/r) log (Bka) 


Sree 1 
2 pia eats 
a X aI,” log (GaT'n) 


sin (2n16/b) 
(2n76/b) } 7a 


This series converges when 6 is zero, and by ignoring 
the variation of the factor containing 6, which ap- 
proaches 1 in the limit, there is deduced the simpler 
form ; 


1 1 
Vite oo J ae ee 
30kb tc — 27 log (Bka) 


nag 2s 
1 


k? 1 
sit @ 
(2nx/b)? — k? log (BaI,) 


The series in (7) is not directly summable on account of 
the term involving log (Gar). Now I, ~k(m\/0) and as 
a very crude approximation, bearing in mind that a 
slowly varying logarithmic function is involved, the fac- 
tor (n\/b) could be ignored. The effect of doing this is to 
produce from (7) a series which is readily summable and 
which can be recognized as a quasi-static contribution 
to the admittance; the remainder then forms a radiative 
correction. F 
Now we have for the sum of a general series 


= A 
> -sai-= 
1 


sin 7 


7 cos [A(x — | a| I} 


0<60<2r. (8) 
With the particular case 02=0, A =b/d we get 

oo) k? 

X (2nx/b)? — k? 


2 (+) > eae 5 s(t Ee = cot (ropa) . (9) 


Multiplying this by j/log (8ka) and adding and sub- 
tracting within the brackets in (7), we get 
Va = Veet Vena (10) 
where 
il 


~ 7120 tan (42b) log (1/Bka) 


bas (11) 
is the quasi-static inductive susceptance to be expected 
from simple line theory for a shorted line pair of length 
26 and wave impedance Z) =120 log (1/Bka). 
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Yraa is the radiation admittance given by the remain- 
ing terms of the series. 


iL { 1 1 
OR oe ee 
30kb (a — 2j log (Bka) 27 log (Bka) 


» - be = eae Ma) 


This can be put in the form 
x 1 { —jzm log (Bka) 
30kb log? (Bka) (a — 27 log (Bka) 


ea te ] a 
+5X Slog (Pa) eT (13) 


log (6Tna) 


The term in brackets remains finite as a goes to zero 
giving, to this order of approximation, 7.e., for thin an- 
tennas 


poet) 


rad 


1 
~~ 30kb- log? (Bka) 


fe/t 45D 


rad 


2 


log c/a (14) 


k 
7 
If this be combined with (11) and the result inverted to 
give the impedance, we get 


: tan? ($kb) 
Z ~ j120 log (1/ka) tan ($kb) + 60% ———— 


1 kb 
tan? (2kb) 2 #2 

AY ga log (I',/R), 15 

+i Sp a 8 wD (15) 


(not valid when tan ($kb) is large). 

The first term, as already stated, is the quasi-static 
expression for the antenna reactance, while the second 
and third terms give, respectively, the radiation resist- 
ance and reactance of this particular antenna configura- 
tion. 

If we make the substitution log (I',/k) ~log n+ 
log (A/b), valid for large m, then the term involving 
log (A/b) can be summed, giving 


A\ [tan? (Fed) | 
(120 1] —} )-———— — tan (4k): |. 
j120 log (- iI = (kb) 


It may be appropriate to absorb the second term of this 
expression with the quasi-static reactance, giving a 
modified wave impedance Z,=120 log (b/278a). This 
shows how it is possible for either the antenna length or 
the wavelength to appear in the logarithm, and mirrors 
the vagueness of the concept of wave impedance applied 
to this case. At the same time it is apparent from what 
has already been shown, that the expansion in going 
from (13) to (14) is with respect to a logarithmic term 
with argument (6a). . 
Analytically, the above expressions are still valid 
when b>, the only difference being that the earlier 
terms involving log I’, introduce resistive components 
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corresponding to coupling into higher order modes. The 
formulas are therefore usable for large b. Now the usual 
antenna expansion parameter involves log (b/a), though 
Gray® observed that a better agreement between Hal- 
lén's formula and both mode theory and experiment 
could be obtained by using log (b/a) —y—log (b/d) 
+ Ci(rb/X) =log (Bka) +Ci(b/d). When 0 is large the 
second term approaches zero and we are left with log 
(Bka). Thus the expansion parameter which appears 
naturally in the present calculations is the same as 
Gray’s limiting form for large b/\, thus giving support 
to Gray’s form. But when b/) is small it cannot be over- 
looked that the present analysis, involving an infinite 
series of positive images, tends to make the physical 
arrangement rather far removed from that of a small 
antenna, and the conclusion may not hold. However, for 
small b/X Gray’s additional term Ci(ab/X) is no longer 
negligible, and it seems likely that his combination is a 
good one for an antenna of any length, in free space. 

A possible exception to the above conclusions appears 
when 0/X is such that one of the I, is near zero, i.e., 
b=mny. When such is the case Y, from (5), is dominated 
by the term 


4 1 
30kd log (8T,a) (n?A?/b2) — 1 


2; 
— J ; (16) 
—120 log (6T,,a)kb(nA/b — 1) 


Now the admittance of a shorted line pair of length 4 b 
is 1/7Z) tan (} kb) and when 0 is near md this approxi- 
mately equals 27/[Zokb(nd/b—1) |. On comparison with 
(16) we see that in this case the value to take for the 
wave impedance is 120 log (1/@I',,a), and this becomes 
infinite as I’,—0. Its reciprocal therefore seems to be a 
suitable expansion parameter in the immediate region 
of interest. However, it is not clear why the wave im- 
pedance should be large in this region, and to what ex- 
tent this conclusion is tied to the particular configura- 
tion under study. As regards the latter point we note 
that an equivalent structure, obtained by a considera- 
tion of the images in the plates, would be an infinite an- 
tenna with a sinusoidal current distribution fed at inter- 
vals of b. The mutual influence from any particular sec- 
tion to a point on the antenna is in phase with that from 
a neighboring section, since the current changes sign 
from section to section, but a further 180°-phase change 
is introduced in the propagation path. Thus all the cur- 
rent loops add in phase, and if their influence had a 1/R 
dependence, then a logarithmic infinity would indeed be 
expected. Unfortunately for this argument, however, 
the influence comes from the E, component of the field, 
and this varies as 1/R? from a distant point on the an- 
tenna. Accordingly it would appear that the distant 
images are not responsible for the infinite Zo, and that 


8M. C. Gray, “A modification of Hallén’s solution of the antenna 
problem,” J. Appl. Phys., vol. 15, pp. 61-65; January, 1944, 
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its occurrence must be a local phenomenon, 1.e., it is 
not tied to the particular configuration under study. The 
reason for its anomalous value is not, however, under- 
stood; the essential feature seems to be the appearance 
of a current standing-wave loop at the feed point, sug- 
gesting that already for a half-wave antenna iiearee 
space some such similar phenomenon might be present. 
It would show itself, presumably, as a large gradient of 
the reactance vs frequency curve in the immediate 
neighborhood of the zero reactance point. From (16) an 
infinite gradient can be expected at tuning, but because 
of the logarithmic dependence the region of large gradi- 
ent would be very restricted and could be easily over- 
looked. 

Although no such phenomenon has apparently been 
reported in the literature, the measured values obtained 
by King‘ for the reactance of a half-wave antenna near 
resonance may be of some interest. If the experimental 
points of his Fig. 24(b) for the reactance are plotted ona 
linear scale, as shown in Fig. 2, the curve through these 
points appears to exhibit a kink as it goes through zero. 


6X =[600 (2nL/2)-940] -x 
= DEPARTURE OF X FROM A LINEAR CURVE, 


DIPOLE REACTANCE (ohms.) —=— 


Fig. 2—Dipole reactance showing a possible kink 
in the curve at resonance. 


The points are too far apart for this conclusion to be 
definite, and of course small experimental errors could 
easily either swamp or artificially cause such an effect. 
Nevertheless the possibility of an anomaly in the react- 
ance near tuning would appear to warrant a more de- 
tailed investigation.® 

B) As was explained in Section III-A, the approxima- 
tions for the K functions are only valid near the origin 
and for a finite radius the terms for n>b/2ra Hnpenaee 
the limiting form 


9 In a recent discussion with Professor King h i 
ai! : } g he pointed out that 
similar kink appears at resonance in the effective length and tie 
other properties of half-wave receiving antennas. It is possible, there- 
fore, that the two phenomena are closely related. 
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Rk sin (2n76/6) si ob sin (2n76/b) : 
T,  (2nnd/b) »  (2n?x6/b) 


If we put 6=0 the limiting form for this term is b/An 
giving rise, on summation, to a logarithmic infinity. 
This is just the gap capacitance which shorts out the 
generator: its effects may not be neglected and it must 
be separated out before 6 can be put equal to zero. To do 
this we add and subtract, within the brackets of (5) the 
series ay 

sin (2n76/b) 


= legs) 
2 ab 
Bo) 


(2n?16/b) 
giving 
es © sin (2n76/b) - 
30. 4" (2n°x8/b) 606 \Ho(ka) 


ore. Kalla) b 7] sin (2n76/b) 
ie Ko(Tna) = } es 


—2 

X (2n76/b) 
The first term we denote by Y,’ and it sums to 
a 


mesa 


1 0 
—f log (2 sin 4¢)dé where 6 = 276/08. 


0 


For small values of 6 we can replace 2 sin (3¢) by ¢, 
giving on integration 


ja 
Ve b/ 276). 8 
5 ete) (18) 


After the separation out of the term Y,’, 6 can be 
taken zero in the rest of the expressions. From (17) we 
get 


Vx ¥/— an 
* 605 LHo(ka) 


-2>|- K,(T na) ae 


Te Ry(Pea br 


(19) 


The dominant part of the term in brackets is given by 
Y, of (7) when a is small, but there seems to be no way 
of summing (19) directly. Suppose we wish to replace 
the summation in brackets in (19) by Y. from (7) or 
some of the later equations. These equations sum from 
n=1 to o although only the sum from n=1 to N 
~b/2na is really relevant; the terms for higher n are 
cancelled by the term b/An, though these terms con- 
tribute little to Y,. On the other hand the term b/\n 
must also be summed from 1 to N, and since 


N 
Dd 1/n = y + log N, 
1 


this summation gives rise to an additional component 


log {| — 
30A wa 
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to be added to Y,. It seems that this term really belongs 
with the expression for Y,’ (18) which becomes modified 


to 
eae (=). 
30d 528 


If this be equated to jwC, the susceptance of a gap Ca- 


pacity C, then 
; ( ae ) 
0 menawy IC 
© \ 208 


This capacity is caused by the fringe field round the 
edge of the gap and is proportional to the antenna perim- 
eter. The interior of the antenna has not been consid- 
ered in this calculation: if there are end caps closing 
the cylinders, a further capacity must be added for a 
parallel plate condenser of plate area 7a? and separa- 
tion 6 


(20) 


i a 
9.10% 27 


(21) 


1 a 


fet i ES oy) 
9.101! 46 a 


Cristea > 


On the other hand, if the cylinders were hollow there 
would be a contribution to the fringe field from the in- 
side of the cylinders and the result of (21) would be 
doubled. 
This aspect can be amplified from a consideration of a 
ribbon gap between two infinite co-planar plates. If z is 
the coordinate in the plane of the plates, perpendicular 
to the gap of width 6, then the charge distribution is 
given by 
dO = dz//2? — 67/4. 
The charge per unit length to a distance =D is therefore 
1/2D 


dz//22 — 62/4 = log (2D/8) if D> 6. 


1/26 


Q= 


The potential between the plates is given by 


te dz 
=4f 
1/25 


a/ 2? — 67/4 
where gz’ is the coordinate of a point in the plate. It is 
readily verified that this expression is independent of 2’ 
if z’>46, and by taking z’=46 its value is found to be 
Qr?. Hence the capacity per unit length of gap to a dis- 
tance 4D is (1/27?) log (2D/8). If now such a pair of 
strips be wrapped round to make two aligned cylinders 
of radius a, then to a first order the capacity is given by 
multiplying the above expression by the perimeter 27a. 
For large values of D/é (very small gaps) this capacity 
is double that given by (21), as anticipated. 

From the form of (21) it is seen that the fringe field 
stretches out from the gap a distance of the order of the 
stub radius, which seems a physically reasonable be- 
havior for the effect of the gap. 


lo 
P z—2' 
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IV. APPROXIMATION FOR THE CURRENT 


Except at z=0 the series in (4) is convergent for 
6=0 and in general, it will not be necessary to consider 
further the effects of the gap. However, it can be noted 
that the term cos (2umz/b) sin (nm5/b) / (n76/b) can be 
written in the form 

1 2+1/25 

— cos (2nmz’/b)dz’, 

6 J 21/28 
1.é. it is the mean over a distance 6. Hence the full ex 
pression can always be recovered by an integration over 
6. Accordingly we take 


r —jVa oe 
lz ~ 
608 (Hy(ka) 


Ki(Tna) 


ae 
—2 Xu = Ko(T0) cos (nns/) re 5) 


This series is not summable in closed terms. However, 
for small a we can make the same type of approxima- 
tions as in Section III-A, obtaining 


ae 1 
~ 30kb le — 2j log (Bka) 


1k k? COs (2n7z/b) 
Poca eee ey) 


Vz 


This series is still not summable because of the term in 
log (GaI’,,), which can be written log (6ka) +log (I',/k). 
If a is small enough for the first of these two terms to 
predominate then (8) may be used to obtain the quasi- 
static approximation 


jV 


- cos (k3b — |z|) 
~ 120 log (8a) 


sin ($kb) 


(25) 


las 


The nature of the departure of the current from a pure 
sinusoidal form can now be seen by comparing (25) and 
(23). If in the latter we take ka small in the Hankel 
functions, but not elsewhere, we get 

k2 

Py 


(ee +2» 
1 


jV { 1 
60kb \og (Bka) + 72/2 log (Bka) 


T,aK1(Tna) 1 
“COS (2nrs/0)| Ki(P,a) te te alt : (26) 


The early terms of the infinite series are small because 
the K functions approximately cancel the logarithm, 
and the later terms are small because of the factor 
1/T,,2. It is from this circumstance that the fair approxi- 
mation given by the quasi-static current derives. 

Part of the correction to the quasi-static current is 
given by the terms 


1 1 
log (Bka) + jr/2 log (ka) 
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For large values of log (6ka) this approximately equals 
—jr/2 
log? (Bka) 


and it is apparent that this is the first term in an expan- 
sion of inverse powers of log (Gka). 


It does not seem possible to express (26) in a more’ 


compact form. 


V. CONCLUSIONS 


Although the present paper does not throw any light 
on the solution in closed form of the free-space antenna 
equation, it does provide some information on the vari- 
ous approximations and expansions in use. The diver- 
gence difficulty met with in the waveguide probe in- 
vestigation, which was avoided here through considera- 
tion of the actual surface currents rather than a fila- 
mentary fictitious current, strongly suggests that more 
attention be paid to this particular point, since a similar 
approximation is commonly made in antenna theory.’ 
In particular, Tai’s analysis is relevant only to a par- 
ticular form of approximation and is of no guidance in 
more rigorous formulations for which, among other 
things, the gap capacitance must appear if a 6-function 
type feed is assumed. With regard to expansion parame- 
ters, there seems to be some support for the structure 
put forward by Gray, though an anomalous increase in 
the wave impedance is predicted for antennas with a 
current antinode at the feed point. This aspect warrants 
further investigation. 
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List oF SYMBOLS 


a=antenna radius (cms) 
A,=expansion coefficient 
b=plate separation (cms) 
C=gap capacitance (farad) 
E,,E,=electric field components (v/cm) 
Ho. = Hankel function Ho 1 
Hy=magnetic field component (oersteds) 
i,=antenna current (amps) Sn 
igs = quasi-static component of antenna current 
k=2n/d 
Koi1=modified Bessel function 
n=summation integer 
N=integer nearest to b/27a 
r, 0, 2=cylindrical coordinates 
Y=antenna admittance (mhos) 
Y,=small-radius approximation to Y 
Y., Y,'=capacity-gap component of Y 
Y 4s = quasi-static component of Y 
YVraa =radiative component of Y 
V =driving potential (volts) 
Z =antenna impedance (ohms) 
Zo, Zo’ =antenna wave impedance 
8 =aconstant given by logB =y —log 2= — 0.1159 
vy =Euler’s constant, =0.5772 
1 ie =a V/(2nr/b)?—k? 
6=antenna gap (cm) 
\= free-space wavelength (cm) 
w =angular frequency 
Q=a quantity related to the expansion param- 
eter of antenna theory. 


Radiation from Ring Sources in the Presence of 
a Semi-Infinite Cone* 
LEOPOLD B. FELSEN}+ 


Summary—A rigorous formulation for ring source Green’s func- 
tions for a semi-infinite cone, carried out in terms of images in an 
infinitely extended angular transmission line, is evaluated asymp- 
totically in the short-wave length range to yield geometric-optical, 
diffracted, and transition effects. Both scalar problems with Neumann 
or Dirichlet type boundary conditions, and electromagnetic problems 
appropriate to a perfectly conducting cone, are treated. The results 
are applied to calculate approximately the radiation pattern for a pre- 
scribed magnetic current distribution on the cone surface which can 


be taken to represent the excitation due to certain leaky wave type 
antenna arrays. 
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I. INTRODUCTION 


N a previous study of the radiation from scalar and 
if vector point sources in the presence of a semi- 
infinite cone, it has been shown that an analysis in 
terms of a continuous spectrum of waves propagating in 
the latitudinal (9) direction in a spherical coordinate 
system is suitable for an asymptotic field evaluation in 
the quasi-optic range (wave number k-).!?2 The 
quasi-optic effects are expected to comprise geometric- 
 L. B. Felsen, “Plane wave scattering by small-angle cones,” IRE 


TRANS. ON ANTENNAS AND PRopaGaTion, vol. AP-5, pp. 121-129; 
January, 1957. 


* L. B. Felsen, “Asymptotic expansion of the diffracted wave for a 


semi-infinite cone,” IRE TRANS. ON ANTENNAS AND PROPAGATION, 
vol. AP-5, pp. 401-404; October, 1957. 
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optical (primary and reflected) contributions, a dif- 
fracted wave due to the cone tip, creeping waves around 
the cone body and transition phenomena at the bound- 
aries of the domains of existence of the various wave 
types.’ The angular transmission analysis carried out 
previously has led to a direct formulation of the primary 
and diffracted field contributions in those restricted re- 
gions of space where the total field is describable in 
terms of these effects alone. This paper deals with an 
extension of the angular transmission approach to per- 
mit a quasi-optic asymptotic field evaluation every- 
where. Although the discussion here is limited to prob- 
lems which are essentially two-dimensional, it is felt 
that the techniques employed can also be applied, with 
suitable modifications, to the more difficult general 
three-dimensional case. 

To be considered are excitations of the cone by a ring 
source with variation cos m@ or sinmd, m=0,1,2,---, 
as shown in Fig. 1. Since the ¢-variation of the field 
everywhere is identical with that due to the source, the 
problem is essentially two-dimensional in 7 and 6. A 
consequence of this special excitation is the absence of a 
creeping wave contribution to the quasi-optic field. The 
previously obtained quasi-optic formulations compris- 
ing the primary and diffracted fields are then valid in 
the angular domain 0<0<(20,—17—6’) (see Fig. 1), 
where @ is the exterior cone angle and (r’ sin 6’) the 
radius of the ring source. To extend their range of 
validity into the region 0)>0>26)—a—6’ requires the 
additional separation of the diffracted wave and the 
waves reflected from the cone body according to the 
laws of geometrical optics. This separation of geometric- 
optical and diffraction effects in a rigorous angular 
transmission analysis is required not only in the cone 
problem but as well as in the wedge,® cylinder,** and 
sphere problems. In the latter two, the creeping waves 
are descriptive of the diffraction effects. 

The isolation of a geometric-optical contribution in a 
particular configuration can be carried out on purely 
mathematical grounds by subtracting certain divergent 
parts from the integrands arising in a contour integral 
formulation for the effects due to the scatterer. As ap- 
plied by Fok and Franz to the cylinder and sphere,’ 
this procedure is based solely on a formal mathematical 
motivation for the desired breakup. The separation can, 
however, be carried out systematically in what appears 
to be the simplest and most direct manner by consider- 


3 J. B. Keller, R. M. Lewis, and B. D. Seckler, “Asymtotic solu- 
tions of some diffraction problems,” Comm. Pure Appl. Math., vol. 
9, pp. 207-265; May, 1956. : t * 

4J. B. Keller, ee — = soe eee paper pre- 

ted at URSI meeting, Washington, D. C.; April, ‘ 

SAE MT. roar tovitch and N. H. Lebedev, J. Phys., U.S.S.R., 
1. 1, pp. 229-241; 1939. i : 
*% 6 aed Friedlander, “Diffraction of Pulses by a Circular Cylin- 
der,” Inst. Math. Sci., New York University, New York, N. Y., No. 

-64; April, 1954. : 
a V. fe Folic, “Diffraction of Radio Waves Around the Earth’s 
Surface” (M. D. Friedman trans.), Academy of Sciences, Moscow, 

SR, po 9; 1946. : F 
OS rani “(ber die Greenschen Funktionen des Zylinders und 
der Kugel,” Z. Naturforsch., vol. 9a, pp. 705-716; 1954. 
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ing not the actual problem with its restricted angular 
region (0<6<@6 for the cone, 0<6@<z for the sphere, — 
0<¢<2r for the cylinder with axis along the z coordi- 
nate, 0<¢$<a for the wedge), but an artificial problem 
in which the angular variable is generalized to extend 
over an infinite domain (— » <@< for the cone and 
sphere, — © << for the wedge and cylinder). (This 
concept was exploited for the cylinder problem by Fried- 
lander® and Wu.°) The boundary conditions at the angu- 
lar end points of the physical region are then restored 
by a superposition of an infinite set of image sources. 
The advantage of this formulation will be found to be 
that each source in the infinitely extended angular do- 
main contributes precisely a single geometric-optical 
wave which can be observed only within an angular in- 
terval of +7 from the source location. The application 
of these concepts to the cone problem, and their network 
interpretation, is discussed in Section IIB. It should be 
pointed out that the problem involving a single source 
in an infinitely extended angular region is of interest by 
itself for the study of absorbing surfaces since it can 
be interpreted to represent the response in the presence 
of a structure which absorbs perfectly all “angularly 
propagating” waves. A well-known example of such an 
obstacle in cylindrical geometry is Sommerfeld’s black 
screen :!° its counterpart in spherical geometry would be 
a “black cone.” 


i 


7 Domain of 


Fig. 1—Ring-source excited cone. 


After a brief review of previously obtained results and 
their application to scalar ring-source excited cone prob- 
lems, Section II of this paper deals with the image 
formulation alluded to above. An asymptotic evalua- 
tion in the quasi-optic range is then carried out to yield 
the first order geometric-optical, diffracted wave and 
transition contributions for all 6 and @’ in the range 
0<(6, 0’) <@. The analogous techniques for the electro- 


97. T. Wu, “High-Frequency Scattering,” Cruft Lab., Harvard 
University, Cambridge, Mass., Tech. Rep. No. 232; May, 1956. 

10 A, Sommerfeld, “Die differential- und integral Gleichungen der 
Mechanik und Physik,” P. Frank and R. v. Mises, editors, Vieweg 
and Son, Braunschweig, Ger., ch. 20; 1935. 
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magnetic problems arising from ring source excitations 
of radial or azimuthal magnetic currents, and first order 
asymptotic evaluations, are summarized in Section ITI. 
Sample calculations are carried out for the radiation 
from a special magnetic current distribution on the cone 
surface representative of certain leaky wave antenna 
arrays. 
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substitution into (2) of the various expressions for §’, 
previously given,! leads directly to the following alterna- 
tive representations for G’ 

Ar’ sin 6’ ye mob 


Mere AE TARY G’'(o, 0’), o = (7,6), (4 
6'(c3 1’, 8”) aus, oie OOS 


Yr 


where, in terms of the notation employed previously, 


6 
G'(9, 9’) = One! cs¢’ (F) nlrb Grs)iu 
j 1) (d/d0o) Pg-™(—cos 00) Pa (cos 0)P,-™(cos 6’) . 
etal Si Crs tener Eo LS SE : jalkre)hqg(krs) (4a) 
Dee T'(q — m+ 1) sin (q — m)m (07/0q000) Pa ™(cos 80) 
haps 
= Hh ein He brs)OU, #5 ms B — 2) ak (4b) 
2 r’ Ci+Ce 
= GQ, 0’) + G.'(o, 0’) (4c) 
ee Aral ; 
G;'(9, 9’) = —/=f £H: (kr) He (Rr’) Gos’ (0, 0’; m?; & — 5) d—, 0+ 0 < 26) — zx. (4d) 
Y Cy!+Co! 


II. ALTERNATIVE GREEN’S FUNCTION FORMU- 
LATIONS (SCALAR PROBLEMS) 


A. Direct Alternative Representations 


In a previous paper,! alternative representations were 
given for the three-dimensional Neumann type Green’s 
function §’(r, r’) satisfying the inhomogeneous wave 
equation 


Witetaee ts 0 Jet OF. — Fr) (1) 
with the boundary condition 


ae’ 
—=0at0=%, 
a0 


(1a) 
and a finiteness and radiation condition at r—0 and 
r— oo, respectively; k is the free space wavenumber, 
r the vector coordinate to the point (7, 0, ¢), and 
6(r—r’) the delta function defined in the usual manner 
as 


dir — r') = 0, 


fo 0, = 1 


A time dependence exp (—iw#) is implied throughout. 
The Green’s function Q'(r; r’, 0’) for a source distributed 
around a circle of radius a as in Fig. 1 with an angular 
variation A (@) is obtained from an integration of G’ as 


rr’; 


r’ in volume 7. 


(1b) 


Qar 
Cee) of A(¢’)G'(z, r')de’, a=r'sin6’, (2) 
0 


If the source function is sinusoidal, 7.¢., 


cos mo 
A(@)=44 i‘ 5 m=0,1,2---, A=constant, (3) 


sin mi 


In (4a), do00=1, bm0=0, m¥0. The summation ex- 
tends over all positive zeros yv=q of the function 
(d/d6o) P,-™(cos 0), 


d 
iat Py ™(cos %) = 0, g>O0 (m, 6 prescribed), 
0 


(Sa) 
where P,-”(x) is the associated Legendre function of 
degree g, order (—m) and argument x. The spherical 
Bessel functions are related to the cylindrical Bessel 
functions via 


a(y) = /2 Z41/2() 


with z, and Z, representing, respectively, 7,, 2,“ and 
J,, H,™. Moreover, the notation 


(Sb) 


Wah ise ge to ae 
Mi rr>r te (5c) 
has been employed. The integral representations in (4b) 
and (4d) are defined over the contours Cy, C. about the 
positive real axis and C;’, C2’ along the imaginary axis 
in the complex &-plane as shown in Fig. 2. The Neu- 
mann type angular characteristic Green’s function Go’ 
is represented as the sum of the “free-space” contribution 
Go appropriate to an angular domain 0<@<q@ and a 
“correction term” Gs,’ accounting for the presence of 
the cone at 0=6):1! 


oT Kets 


4 For the Dirichlet Green’s function G satisfying (1) with G=0 
at 6=6o, all the considerations in this section apply as well if one sub- 
stitutes G» for Go’, where Gp is given as in (6) except that the operator 
(d/d0o) is replaced by unity. 


Eee 
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Go = Go + Ge,', 


1 
Git (0,025 ~>) ts L 


T Tv + m-+ 1) 


(6) 


PE Cos 6<) P,-"(—cos 6s), Up oi 3; (6a) 


T Tow +m+1) 
2 Tv—m-+1) sin (v — m)r 


(d/d8o) dF =,_.cOs 80) 


Go.’ (0 6’; m*; Se a ) = 
4 2 Tv —m-+ 1) sin (vy — m)r (d/d0o) P,-™(cos cr) 


Since Go’ =G,° when the cone is absent, the integral in 
(4b) containing the G,° portion of Gy’ represents the 
free-space result GQ, 9’). The integral in (4b) contain- 

ing the G¢,’ portion of Gs’ expresses the scattered con- 
tribution G,’(9, 9’) due to the cone; its representation 
as in (4d) is discussed below. Since Gp’ and J;H; in 
(4b) have no singularities in the finite parts of the first 
and fourth quadrants of the complex £-plane, the con- 
tours C; and C; in (4b) can be deformed into the con- 
tours (Ci’+C,’’) and (C2’+C,’’), respectively, as shown 
in Fig. 2, with the radius of the quarter circles Cy .’’ ap- 
proaching infinity. 


Fig. 2—Contours of integration and singularities in complex £-plane. 


The series representation in (4a) results from an anal- 
ysis of the problem in terms of radially propagating 
waves and converges for all values 9% 9’. (See Appendix 
I for the behavior of the summand as g—~.) However, 
it is convenient for numerical computation only when 
kr or kr’ is not too large (r¥r’) since the magnitude of 
the terms in the series does not decrease until q is larger 
than kr (when r<r’) or kr’ (when r’<r). Use of the 
series representation requires a knowledge of the values 
of g as defined in (5a), and the ability to evaluate the 
various functions in the summand at those values. 

When &r and &r’ are both large, the direct summation 
of the series in (4a) becomes impractical. In this range, 
which will concern us throughout the remainder of this 
paper, the diffraction phenomenon is expected to be 
characterized approximately by quasi-optic effects in- 
cluding geometric-optical, transition and diffracted con- 
tributions. A representation as in (4b) and (4c) is 
especially desirable in this respect since the free-space 
field and the scattered fields emerge distinctly, a separa- 
tion not exhibited directly in (4a). In particular, if the 
observation point moves to infinity, the free-space ring 
source Green’s function G; can be expressed in closed 
form by carrying out the integration in (2) for the three- 
dimensional free-spaced Green’s function 


P-"(cos 0) P,-™( cos 6 ),n (Oph 


etk|r—r’| etkr 
Giese aa 
Arr | it: / 4arr 
- @—ikr’ [cos @ cos 6’+sin @ sin 0’ cos Goo). r—> 0, (7) 
to yield: 


é Ar’ sin 6’ (cos 
re 


sin mp 


Go(e, 0’) — Lei (kr—ma [2) g-ike! cos # cos 6’ 


. \ Golo, 0’), Ti (8a) 


‘Im(kr’ sin 6 sin 6’). (8b) 


The scattered contribution G,’(, 9’) due to the cone 
as expressed in (4d) for the restricted range (0+6’) 
<(20.—7) is the result of an analysis of the diffraction 
problem in terms of a continuous spectrum of waves 
propagating in the angular (@) direction and is partic- 
ularly suitable for an evaluation in the quasi-optic 
range. If r+ and kr’ with r’<r, G,’ can be ex- 
pressed uniformly in @ and 6’ in terms of an asymptotic 
expansion in inverse powers of kr’ as follows:? 


i eit) = 4(6, 6’) 
Des br ch Cadibr)e - 
kr’ > «© (6+ 0’) < (20.— 7), (9) 


G,'(0, 9’) ~ 


where 
Ag(0,; 6’) = 2f x sinh wa Go,’ (0, 6’; m?; —x? — 4) dx, (9a) 
0 


and” 


sin 0 _ 
sin 6 dé dé sin? 0 


1 Ast pie xt m* 
A,(0, 6’) = — | 


n 
+ n(n — | Ayi0, Oy, =e 2 Po OD) 


It is noted that the evaluation of A» in (9a) does not 
require the knowledge of the zeros of the Legendre func- 
tions as in (5a); moreover the integrand in (9a) is ex- 
ponentially damped for large « so that numerical evalu- 
ation procedures or approximate analytical techniques 
can be employed to advantage. 

G,’ as given in (9) can be interpreted as representing 
the scattering due to the tip singularity of the cone as 


12 R. B. Barrar and A. F. Kay, “A series development of a solution 
of the wave equation in powers of },” paper presented at URSI meet- 
ing, Washington, D. C., May, 1954. See also Keller, e¢ al., example 8, 


op. cit. 
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evidenced by the phase (r+r’) of the exponential, 
which is equal to the path length from the point r’ to the 
point 7 via the cone tip, and by the magnitude depend- 
ence on (1/kr’). In fact, the integral (9a) exists only 
when §<20,—r—6’ (see Appendix I for behavior of 
Ge.’ as x), i.e, in that region of space which ex- 
cludes the waves reflected from the cone body accord- 
ing to geometrical optics (Fig. 1). It is evident that this 
condition is violated for the radiation problem where 
the source is situated on the cone surface (9’ =6). The 
failure of the representation in (4c) and (4d) in the do- 
main 0>20)—a—6’ is due to the inability to represent 
a geometric-optical field contribution directly in terms 
of angularly propagating waves. We must therefore seek 
a formulation which exhibits separately not only the 
incident field as in (4c) but all geometric-optically re- 
flected waves. Before proceeding to such a formulation, 
it is desirable to state the conditions under which a 
6-transmission representation applies. These conditions 
have been utilized in the transition from (4b) involving 
the contours C;,2 or, alternatively, (Ci,2’+(Ci,2’’) in the 
complex &-plane to (4d) involving the contours Ci,2’ 
only. 

The following result is basic in the analysis: If a field 
contribution is represented by the integrals 


we fi ET e(hr<) He (hrs f(b) a 
Cy 40," 


ie EJ (kr<)He™ (krs)f(—&) dé 


Co’+Co"" 


(10) 


where the contours are shown in Fig. 2, and if 


fr Bete as |t| so, a> (10a) 


where B(é) is of algebraic growth, then for r>~, 
kr'>, r'<r, I possesses an asymptotic expansion as 
follows: 


() ih 
Pr — pik(r-tr’) aera oe 
wkv/ rr’ Z n=0 (—2ikr’)” oh 
with 
I, = f x sinh xm f(ix) (ix, n)dx, (11a) 
0 
eee re): 
(i=, 8) =———@# + Dot tb 4.2)-- 
(x? + 4+ n(n —1)); (ix, 0) =1. (11d) 


To prove (11), one observes that J;H;™ behaves at 
worst like exp (| Im £| 7) as | é| —« along a semi-circle 
in the right half plane, —r/2<arg <7/2 [see (51) |. 
In view of (10a) the contribution from the quarter 
circles C;’/’ and C,’’ vanishes. The change of variable 
£——E£ permits the integral along Cy’ to be combined 
with that along C,’. Since 


Jey) = 31H (y) + Hy (y)| (12a) 
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and 


HPI (y) = et ETDID(y), (12) 


one obtains the alternative representation for J, 1.e., 
ate f Ef (Bett sin x He) (kr) He D(kr’)dz. (13) 
0 


Eq. (11) follows directly upon letting £=7x and sub- 
stituting the asymptotic expansion for the Hankel func- 
tions as previously.2 The imaginary £-axis is the per- 
tinent contour for the 6-transmission formulation. From 
the form of the resulting asymptotic expansion, it is 
evident that the associated field contribution represents 
only a tip diffraction effect. If a<7 in (10a), the integrals 
over paths C,’’ and C,’’ do not vanish and (10) also con- 
tains a geometric-optical contribution. Since Gg,’ is an 
even function of £ and satisfies the conditions on f in 
(10) with a =20)—0—6’, one is led directly from (4b) via 
(4d) to (9). The recursive relation between A, and An1 
in (9b) is a consequence of the differential equation 
satisfied by Go,’.?'!? 


B. Image Representation 


To separate the geometric-optical from the diffrac- 
tion effects, it is desirable to characterize the geometric- 
optical contributions in their simplest form. If the 
diffraction process is considered to be describable in 
terms of angularly propagating waves, these waves will 
experience repeated reflection from the surfaces 6=0 
and 6=6) terminating the angular region. In a uniform 
region with identical cross sections along the transmis- 
sion coordinate, each wave reflected from the termina- 
tions with reflection coefficients I) and T; as in Fig. 3(a) 
can be represented as arising from a suitably chosen 
image source located outside the physical domain in an 
infinitely extended transmission system [Fig. 3(b) ]. 


Unit source 
x 


o x b 
(a) 
ie eaean T ie (wil ene 
an f 7 Pot anee 
t t i] i] 1 
es Si t 1 t ; Merely 
-2b+x -x O x b 2b-x' 2b+x' 


———— 
Physical domain 
(b) 


Fig. 3—Image representation of Green’s function in a uniform region: 
(a) physical configuration, (b) equivalent.image problem. 


Since the transmission coordinate is a straight line, all 
images contribute a geometric-optical field in the region 
0<x<b and no diffraction occurs. If the transmission 
coordinate is curved as in the present problem, the con- 
cept of an infinitely extended transmission region re- 


wa 
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quires the generalization of the angular coordinate from 
a periodic to an infinite domain. Mathematically, this 
can be accomplished by introducing an infinitely sheeted 
Riemann surface;9!0 from a network viewpoint, one 
thinks of the angular transmission region as extending 
to infinity so that a particular angularly propagating 
wave experiences no reflection. If images are introduced 
to restore the actual boundary conditions at 6=0 and 
6=6o, it is found that not all images contribute a geo- 
_metric-optical field in the range 0<0<6o. In fact, the 
geometric-optical field due to a typical image source is 
observable only within an angular distance of +7 from 
the source location so that the number of contributing 


Go’ (0 Gm; £?-— 7 


+ D2 To" P45! "fim’"Go?(8, —2n80 — 0) Rim“? (0) Rim (8), 


n=0 


images is precisely equal to the number of possible 


geometric-optical reflections in the actual problem. All 
of the images do, however, contribute to the diffraction 
field which results as a consequence of the curved trans- 
mission coordinate. The above remarks will now be 
_ made quantitative. 


~)- [Ae eee 1/2) 
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from which one notes that Pr»,”/® represent (asymp- 
totically for large £) waves traveling in the +6 direc- 
tions. Upon substituting (14) into (6), making use of 
the relations of Appendix I, expanding the denominator 
into a power series. 


1 el) 
aaa = u (—Gim’)®, 
— (d/d80) Pim (80) 


Gin’ = ——————__ = — ei (2E00—ma—n 12) fF 


~ (4/48) Pen (00) (16) 


and combining terms, one obtains the following repre- 
sentation for Gy’; 


if 
jee | Seth Tenree ss ig, (17) 
£T2(£) Vsin @ sin 6’ 
{ } = Go" (6, 6’) Rem (8<) Rem™ (0s) te > T'o"11'9,/"Go" (8, 2nbo — 8’) fem!” Rim (0) Rim? (0’) 
; n=1 
+ DE Po"les’*fem’™[Go°(0, —2n8o + 6) Rem? O) Rem (6") + GeO, 2nBo + 8’) Rem (6) Rem (6’)] 
n=1 

(17a) 

where 
eitlO—0"| (17) 

Go? 6, 6’) = 1 
a ) ar: g 
and 

To = e-t(mt/2)x, By = 1. (17c) 


The transmission properties of an angularly propagat- 
ing mode are given by the angular characteristic Green’s 
function G»’ in (6). To effect a traveling wave descrip- 
tion as indicated above, it is desirable to represent the 
standing wave functions P:1).-" in terms of traveling 
wave functions P:,/ defined as follows:¥ 


Pex ™(cos 6) = 4[Pem (8) + Pem(6)], (14) 
where 
(y/(2) ( 3 i een 
Paes 
ir (@) mw sin 0 T(é + 1) 
- ek ileo—ma/2—r/4] R,,, (1)/(2)(8), (14a) 


Rim !@2)(8) = (1 — et i20)1/2—m 
-F(1/2 — m,& —_m + 1/2;& + 1; e*#*). (14b) 


F(a, b; c; 2) in (14b) is the hypergeometric function. 
Some properties of the traveling wave functions are 
given in Appendix I. Of special interest is the asymp- 
totic behavior 


Rin! (6) ~ 1, (15) 


| é| —>o, sind), 


13 Although m=0, 1, 2--- for the present discussion, (14) is 
also valid for arbitrary m. 


Rim™!® and fm’ have no singularities along the imagi- 
nary £-axis (see Appendix I) and behave for large || as 
shown in (18). Convergence of the series expansion (16) 
requires Im £>0, so that the representation (17) is 
valid along the contour (C;’/+(C,’’) in Fig. 2. Since Go’ 
is an even function of £, an alternative formulation is 
obtained by replacing £ in (17) by (—&); the resulting 
expression is valid along the contour (C2’+(C,"’). (Ac- 
tually, only the behavior along Ci,2’’ need concern us 
here.) 

Eq. (17a) has been expressed in a manner which high- 
lights the asymptotic behavior in the limit |£|>© 
since 


Rim i02), fem’; | é| 7s 


[]~1+4+ 0@), 


sin 6, sin 6’, sin 0) ¥ 0, 


(18) 


where [| | denotes the terms inside the square brackets 
on the right-hand side of (17). It is evident that the 
resulting asymptotic representation of (17a) can be in- 
terpreted in terms of images on an infinitely extended 
§-transmission line as in Fig. 3, with the x-coordinate re- 
placed by 6; the response due to a unit source located at 
0’ is given in (17b). 'y) and Ty,’ are the reflection coefh- 
cients at 9=0 and 6=4), respectively. The perfectly re- 
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flecting boundary at 0=6 gives rise to the Neumann 
type reflection coefficient I's,’= +1, while the reflection 
coefficient associated with the boundary #=0 is seen to 
be equal to exp (—immr—im/2). A directly analogous 
representation can be found for the Dirichlet character- 
istic Green’s function Gs which vanishes at ?=6o. In this 
instance, the differential operator (d/d0) in (16) is re- 
placed by unity, leading to a reflection coefficient 
T,,=—1. 

Since the vanishing of the contributions from the con- 
tours Ci,.’’ in Fig. 2 is governed by the behavior of Gp’ 
as |t| 0, it suffices to focus attention on this asymp- 
totic range. Each image term in (17) behaves like 
(+1/£) exp [+2£|0—g| ], |E| +, Im £20, where ¢ is 
the location of the image source in the infinite angular 
transmission line; when substituted into (4b) (taken 
over the contours Ci,2’+Ci,2"’) it leads to a field con- 
tribution as in (10) which can alternatively be expressed 
as in (11) provided that |a—¢| >a. Thus, all image 
sources located outside an angular interval +7 with 
respect to the observation angle 6 contribute only to the 
diffracted wave. If the cone angle 6) >7/2, then for any 
value 0<(6, 6’) <@ all the image sources fall into this 


category except those at g= —0@’, 20.+0’, —20.+6’. Let 
us represent G»’ in (6) as 
= (Go! — Go!) + Gi’, (19) 


where for 0)>7/2, G,’ is the sum of those terms in (17) 
representing sources at gp=+6’, 20.+0’, —26.+6’. 
Since f(£) =(Go’ — Go’) satisfies the conditions in (10), 
the integral has an asymptotic expansion as in (11) and 
contributes only to the diffracted wave. Thus, we may 
write 


if ip ET e(br<) He) (brs)Gy' dé = I, + Ia 
Cc’ 


GC = Gi + Ci + (Cos + Gai. (20) 
Ge i ET (kr) He (krs)Ge" dé, (20a) 
cr 
Te — gik(rtr’) : 2a 
wkv/rr’ n=0 C=2ikr’)e 
Diao, Br 307! Kon, (20D) 


where (Jz), is given by (11a) with f=(G»’—Gy’), uni- 
formly in 0, 6’ for 0<@<@, 0<6’<6o. Eqs. (20) con- 
stitute the desired reformulation in which all geometric- 
optical effects are contained in J;. However, J; also con- 
tributes to the diffracted field. 


C. First-Order Asymptotic Evaluation 


When 6+6’ <26)—7, the contribution to J, from the 
image sources located at g=20,+6’, —20)+6’ can be 
expressed as in J, so that Gs’ comprises only the two 
terms corresponding to ¢= +6’. The representation (20) 
so obtained is alternative to that in (8) and (9) [see also 
(4b)—(4d)], in which the geometric-optical result is ex- 
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pressed exactly in closed form. For other ranges in 8, 


April 


6’, I, must be evaluated directly to exhibit the separa- — 


tion of geometric-optical and diffraction effects. For the — 


sake of simplicity, this evaluation will be carried out 


only to 0(1/V/zkr ). We begin by writing G’s in (20a) as — 


follows: C 
Go! = Ge’? + (Ge — Gi’), (21) 


where G,’” represents the asymptotic form er Go’ as 
|~| © [ [see (17) and (18)]: 


G2 = Go" (0, 6’ + TI Go*(6, —0’ 
‘ Tastee ones siete 
+ T4,’Ge"(0, 200 — 0’) 
+ Dolo, [Go"(0, 200 -+ 0’) + Go?(0, — 200+ 6’) ]}, (21a) 
ek itl 0—0"| 
Ge (8, 0’) = ’ Imé2 0 (21b) 


+ 20 

It has been assumed that sin 0, sin 0’#0, and (2/2) 
<6)<7m. Since the contribution to J; from the second 
term in (21) is 0(1/-/kr’) and affects only the diffracted 
wave (see Appendix II), the geometric-optical effects 
(0(1) in kr’) will be contained correctly to the lowest 
order in G»’*. The complete solution also contains 
geometric-optical terms of 0(1/kr’) as seen from an 
asymptotic expansion of (8b). The contribution from a 
typical term in (21a) to the integral in (20a) (to be de- 
noted by J) is obtained readily by substituting for Hy 
its asymptotic form as ro, for J:(kr’) the Sommer- 
feld integral representation 


1 
Ji(kr’) = —{ Ger? SOSY ght ts or (22) 
2rd wy 


Fig. 4—Contours of integration in y-plane. 


with the path W shown in Fig. 4, deforming the contour 
C’ into (Ci+C2) (see Fig. 2), performing a permissible 
interchange of the € and wp integrations (Im ~>0 on 
W), and evaluating the £-integral 


EJ (kr) He (krs)Ge"(0, ¢) d 
, (kr<)He™ (krs)Ge"(0, o) dé (23a) 


1 


2 
‘ty, settee ees | dweikr’ cos y 
4a akr Ww 


| 1 " 1 
Y= mot | 0 | ye ner 
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The contour W can now be continued analytically into 
the contour Wi+W, in Fig. 4. If We is chosen sym- 
metrically with respect to y=7, there is no contribution 
to the integral over this path since the integrand is an 
odd function of (y—7). If |0—¢| <a, a pole of the 
integrand is located at ~,=7r— |a—o| on the real axis 
between Y=0 and y=z and must be taken into account 
in the contour deformation. The remaining integral 
over the path W, can now be evaluated asymptotically 
as kr’—> for all values of y, including y, ~0, i.e., when 
the pole lies near the saddle point y=0. The steepest 
descent path through y=0 has the form of W;.4 One 
ni ee the following result to 0(1/+/kr’) valid for 
all |06—o|: 


= : oe 
Iw Vx ettkrtn/4) | g—ikr cos (0-9) 9 (ar ye. | A= ¢| ) 


ase 1 1 
V2akr' \x — Cael ae) 


Sie tt — >|}, (24) 
where 
é ikr’ eit l4 
T(r’, a) = SS © ie | Fw) - a 24a 
, gn (7 — a)| F(w) ee (24a) 
aed a 2 reed ee 
w= /kr'|cos—|, F(w) = —= e *™ i edy, (24b) 
2 /1 [1—z]w 
eitl4 
Big i woo, 
wr/ dr 
~1-— Se 4y, w— 0, (24c) 
T 
La< 
ee een Ga) £1, a Sw (24d) 
Ota ar 


The first and second terms inside the braces in (24) 
represent, respectively, the geometric-optical and dif- 
fracted contributions, while the third term T accounts 
for the transition effects through the geometric-optical 
boundary |0—¢| =7. It is noted that the singularity in 
the diffracted wave at w=0 is compensated for by that 
in IT. The extent of the transition domain, 7.e., the 
range of w for which T is appreciable, can be assessed 
from Fig. 5, which shows a pilot of the Fresnel integral 
function F(w) and its asymptotic form in (24c). It is 
noted that the functional form of the diffracted wave 
as a function of 6, 6’ in (24), contributed by a typical 
domain, since the same comment applies to the dif- 
fracted wave contribution from J, in (20b) and to that 
arising from J, in (20a), when one inserts into the in- 
tegrand the second term in (21) (see Appendix IT), the 


total diffracted wave function obeys this property to | 


0(1//kr’). It is highly suggestive that the diffracted 


“4B. L. Van der Waerden, “On the method of saddle points,” 
Appl. Sci. Res., vol. B2, pp. 191-217; 1951. 
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wave contribution behaves in this manner to any order 
tae Byker ; 

Upon collecting the various contributions to G’ in 
(4b) arising from the utilization of the image formula- 
tion as in (19). (20), and (21), one obtains a representa- 
tion for G’ alternative to that in (4c) valid for all 6 and 
6’. Since the diffracted wave contribution to IJ has been 
shown to have the same functional form for all values of 
6 and 6’ (to 0(1/+/kr’)), one can evaluate G,’ from the 
integral representation for Ao in (9a) subject to the re- 
striction (0+0’) <(26)—7), and then employ the func- 
tion A,(6, 6’) for all values of 0 and 6’. Thus, one is led 
to the following asymptotic result to 0(1/kr’) for r>&, 
kr’>>1, when 6, 0’ #0 and 0)>7/2: 


G'(o, eo’) ~ Gops'(e, 0’) + G.'(0, 0’), 
et (kr+m/4) 
2./2rkr’ sin 0 sin 6’ 

+ ToB(r’, 9 + 6) + To,/B(r'’, 20) — 0 — 0’) 
+ Tol'e/[B(r’, 20 + 6’ — 0) + B(r’, 200+ 0 — 6’) ]}, (25a) 


(25) 


Gopi! = {B(r’, |a— 6’|) 


1 eth (r+r’) 
pide Sas ais by! A,(8, 0), ar 
with 
Bir’, a) = e—ir’ 008 on (ge — a) — T(r’, a), (25c) 
Pi = 1h a Dos eter, (25d) 


For (6+6’) <(20.—7), the geometric-optical contribu- 
tion is given exactly in (8b). As a check on the approxi- 
mate result above, one notes that an asymptotic evalua- 
tion of (8b) for kr’ sin 6 sin 0’ agrees with that in 
(25). The singularities in B(r’, a) as a—7 in the various 
terms in (25a) compensate for those in Ao(8, 6’) on the 
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geometric-optical boundaries so that the result is finite 
for all 6, 6’ 0. It is to be emphasized that the diffracted 
wave function Ao(6, 6’), if evaluated exactly from (9a) 
applies for all values of 6 and 6’, including 8, 6’—0. 

To obtain the geometric-optical result for 6-0, we 
make use of the known exact expression in (8b) which 
contains the contributions to J; from the sources lo- 
cated at g= +6’. Gy’ is given for 00 exactly by [see 
(17)]: 


ll 


ere De (26) 
4/sin 6 sin 6’ 
D = Rem 6’) (Go? (8, 6’) Rem (8) 
+ ToGo7(0, —6') Rim (6) 
+Rem® (6) fem! [Go?(0, 260 — 0’) Rem (8) 
+ TGo*(0, —200 + 0’)Rim(0)|To,’, (26a) 


Go 


where [ | denotes the terms inside the square brackets 
on the right-hand side of (17). If sin 0’, sin 690, we 
may again approximate 


Rin? (6), Sim’, [ ] es us 


since the geometric-optical effects can be shown to arise 
from the vicinity of saddle points located in the large 
£ range of the integrand in (20a), through which the 
path of integration can be deformed. It is now evident 
that, to within the constant factor I',,’, the only differ- 
ence between the first and second terms in (26a) is the 
replacement of 6’ by (20,.—0@’). The geometric-optical 
contribution to J; from the first term in (26a) is known, 
however, to be that in (8b). Thus, the entire geometric- 


optical result arising from (26a) is given to a first order 
by 


(27) 


Gone = ar eee cos 8 cos OT AARP sin ) sin 6’) 


, sin (26 a 6) oer : 
+ Ts, RE ai of en tkr cos @ cos (20)—8’) 


sin 6’ 
-Im[kr' sin 6 sin (209 — 6’) |n[ar — (200 — 6’) ]}, 
@é—0. (28) 


The diffracted wave contribution is still given by (25b). 
As @ increases away from zero, (28) goes over into (25a) 
upon use of the asymptotic formula for the Bessel func- 
tions. Directly analogous considerations apply, of course, 
if 6’-20 and 60; the appropriate formula for this case 
is obtained by changing 696’ in (28). 

If both 6 and 6’ approach zero, the geometric-optical 
contribution is given by the first term on the right-hand 
side of (28), except when 0)—7/2, in which case @ and 
6’ lie in a transition region. The transition formulas for 
the special case of back-scattering along the cone axis 
(9 =6’=0) have been presented previously. ¥ 


*L. B. Felsen, “Back-scattering from wide-angle and narrow- 
angle cones,” J. Appl. Phys., vol. 26, pp. 138-151; February, 1955. 
See also “Back-scattering from a semi-infinite cone,” Microwave Res. 
Inst., Polytechnic Inst. of Brooklyn, Brooklyn, N. Y., Electrophysics 
Group Memo. No. 43; July, 1958. 
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D. Remarks Concerning Ao(0, 0’) 


An exact expression for the diffracted wave amplitude 
A (6, 6’) is given in (9a). In particular, for m=0, 


A,(0, 6’) = rf 


K,1(—cos 4) 
K,1(cos 9) 


io} 


x tanh rx 


K,(cos 0)K2(cos 6’)dx, m= 0, (29) 


where K,” (cos 0) = P_1/24i2"(cos 9), and it is assumed for 
the evaluation of the integral that 0+6’<20.—7. Al- 
though it appears difficult to evaluate the integral in 
closed form in terms of known functions, numerical and 
approximation methods can be employed advantage- 
ously since the integrand is a positive real function of x 
and decays exponentially for large x. Such calculations 
have not been carried out as yet for all ranges of 0, 8’ and 
6). However, for small cone angles (097), an approxi- 
mate evaluation to 0[(7—6.)?| yields,? 


wr — O\? 1+ cos 6@ cos &’ 
Aol, 0°) = ( : ‘) 2 


t ho ay eS Th. pe RE. 
(cos 6 + cos 6’)* 

For m>0, the result is o[(a—6)?], 7.e., very small. Eq. 
(30) should be a good approximation for 09> 160°, out- 
side the geometric-optical transition regions. The transi- 
tion function T as in (24a) does not account for the 
singularity in the approximate formula for Ao in (30) as 
(0+6’)—>7, since in the derivation of 7 it was assumed 
that sin 0) #0. 

Since the ring-source excited cone has no shadow re- 
gion, there exists a geometric-optical field contribution 
at every point in space. Consequently, the diffracted 
field, being of higher order in (1/kr’), is of relatively 
minor importance except near geometric-optical transi- 
tion regions where its magnitude can be appreciable. 
Near these regions, characterized by |6—»| =, the 
predominant behavior of the diffracted wave is con- 
tained in (24); as |@—g|—>z, the singularity in the 
diffracted wave amplitude is compensated for by the 
transition function 7. Upon regrouping the terms in 
(24), it is noted that the transition and diffracted wave 
behavior as |@—o| —m is adequately described by the 
function 


(30) 


09 = x. 


ikr’ 


T(r',a) = 5 en (r — a)F(w), w= VSkr’ 


cos "|, (31) 


which, for w>4 (see Fig. 5 and (24c)) yields the main 
diffracted wave contribution. Thus, for an evaluation 
accounting properly for the geometric-optical and tran- 
sition phenomena and only approximately for the less 
important diffraction effects, G,’ in (25) may be neg- 
lected provided that in (25c), T(r’, a) is replaced by 
10's: is 


III. ELECTROMAGNETIC RING SouRCE PROBLEMS 


The electromagnetic problems of radiation from ring 
sources comprised of radial or azimuthal electric or 
magnetic currents in the presence of a perfectly con- 


‘ ne 
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ducting semi-infinite cone can be reduced to equivalent 
scalar problems,!:!® which resemble those discussed in 
Section II, and which can be analyzed by directly 
_ analogous techniques. As an illustration, we treat the 
radiation from radial or azimuthal magnetic current dis- 
tributions situated on the cone surface. 


A. Radial Magnetic Currents 


Consider a narrow annular slot on the cone surface 
as in Fig. 6 excited with a prescribed electric field 


E(e’) = hE(e), Ele’) = ne a \ Er), 


sin mq’ 


0<¢' <2, (32) 


where >» is a unit vector in the ¢-direction. This electric 
field excitation is equivalently represented by the 
radial magnetic current distribution M(r’) =n xX E(r’) 
=roE(r’) flowing on the perfectly conducting cone, with 
n=6) and ro representing unit vectors in the @ and r 
directions, respectively. Since the vector electric field 
at r due to a radially directed magnetic dipole located 
at r’ can be represented in terms of the Neumann type 
Green’s function G’ as 


r' E(r, r') = — V X [rorG'(z, 2’) M(r')], (33) 
one obtains for the ring source distribution in (32), 
E,(r, 1’) = — a x Q'(r; 1’, 80), (34a) 
r’ sin 6 0d 
E,(r, r’) = «Has Gl(r;r’, 60), Er =0, (34d) 


r’ 00 


where G’ is given in (4). 


Fig. 6—Azimuthal electric field excitation. 


For an approximate evaluation as r>®, kr'>1, one 
can employ for ¢’ the asymptotic formulas presented in 
Section II. For 90, the geometric-optical contribution 
from the #, component predominates in view of the 
(0/00) operation in (34b), which results in multiplica- 
tion by kr’ [see (25a)]. Thus, a consistent evaluation of 

ilin a i ¢ i ary value problems 
for RE ae eee Erno peness AND DP opsca: 


TION, vol. AP-4, pp. 5-16; January, 1956. See also vol. AP-S, p. 313; 
July, 1957. 
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E to 0(1/kr’), including diffraction effects, requires the 
consideration of higher order terms in (25a). Rather 
than enter into this additional complication, we con- 
sider only the dominant geometric-optical effects, in- 
cluding the transition behavior at 0~7—6, [see (31)]. 
It is then found that for 6~0, 


5 mE(r’) sin 0) {sin md 
cee naa Goode 1’, 80), (35a) 
sin 6 —cos mod 
; cos br’ sin 6, 
rE lope B(yettrvio | as / by Sin By 
sin mo 2a sin 0 


- [sin (89 — @)e~#r’ c08 (o-8) 4+ j(—1)™ sin (6 + 8) 
- en tkr’ cos (80+) (ap =O 6) |, (35b) 


where Gopt’ is given in (25a) provided that T(r’, a) is 
replaced by T(r’, a) in (31) near a=0+6)~7. In the 
calculation of (35b) from the modified (25a), the 
0-derivative of T(r’, 00+6) has been neglected since it is 
0(1//kr’) with respect to the other terms; moreover, 
(35b) is continuous at 6.+0=7 without the inclusion 
of T. For 6~0, Gopt’ in (35a) is taken from (28), while 
cos mo 


rE¢\opt ~~ E(r eterna § : 
ie sin mo 


i e7ikr’ cos @ cos G0] 4 sin 6 cos 00 m(x) 


+ cos 6 sin O.Jm’(x) |, 


(kr’ sin 60) 


x = kr’ sin @ sin 0. (35c) 


Although the ¢ component of the geometric-optical 
electric field is larger by O(kr’) than the 8 component 
when 60, the two components are of comparable mag- 
nitude as 6-0. A finite field along the cone axis exists 
only when m=1, as seen from (35). The @ and ¢ com- 
ponents are equal in this case and yield the following 
electric field at 0@=0: 


rE |opt = yoH(r’) a e*rhr’ sin? Oye" 998 80 on = 1, (36) 


where yo is a unit vector along the y-axis (6=7/2). 


B. Azimuthal Magnetic Currents 


We now consider the physical configuration in Fig. 6 
excited with a radial electric aperture field distribution 
roE(r’), with E(r’) given in (32). The corresponding 
magnetic current distribution M=0)XE=—®E is 
azimuthal so that one requires in general two scalar po- 
tential functions S;’ and S,;’’ to represent the radiated 
field. The field radiated by a ring source of azimuthal 
magnetic currents on the cone surface is given by?1617 


2r 
H(r, r') = if y(r, r') *ooH(r’)dd’r’ sin 00, (37) 
0 
where y is the dyadic ‘magnetic Green’s function, with 


i7L, B. Felsen, “Alternative field representations in regions 
bounded by spheres, cones, and planes,” IRE TRANS. ON ANTENNAS 
AND PROPAGATION, vol. AP-5, pp. 109-119; January, 1957. 
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e) 
06’ 
1 0? 
————— V X (vx x0 s:") 
“9 iwpr’ sin 09 0¢’dr’ 


VJrr 
T 


1We 
y(t, 1')*b0=—— VX (rr 
f. 


0’=89 


> em cos m(p — $’) 


m=0 


Saket) = 


“a = ~ EJ elhr<) He (hrs) Go(0, 0; m?; & — 4), (37b) 
Cet ae 


EG eh aA ee 
sin 0 — 
8 r J 0 


Si(r, r’) = same as Sj’ except that Gy» is replaced 
by Go’. 


H,(r, r’) = boE(r’) 


(37c) 


G,’ is defined in (6). Gp is obtained from Gy’ upon re- 
placing the operator (d/d@) by unity. The path C in 
the &-plane is shown in Fig. 7 and excludes the pole at 


$=1/2. 


€-plane 


Fig. 7—Contours of integration. 


For the special case of uniform field excitation, 7.e., 
m=0, only the S;’ term contributes since 


2r 


) 
dq’ o¢! rides r’) = 0. (38) 


0 


Thus, 


A(r, r’) 


Ree) si ou4/—| carr | (38a) 
=— r') — sin —|——TI(r,r ; a 
: 2 "VY + |apae! pen 


where 


Ia, r’) 


E 
=p pot J e(kr<)He™ (Rrs)Go(8, 6’; 0; &2—4) dé. (38b) 
f 4 


Since 
d 
ei EP Cosey) 
0? do 1 
(Setar Beer “eer Woe 
0000’ |e, sin O0.P,(cos ae wb 2 oe eee 


and since (d/d6)P,(cos 6) xv as v0, the integrand in 
(38b), resulting upon performing the (02/0000’) opera- 
tion, has no pole at £=1/2. Thus, as far as the total 
result in (38a) is concerned, the contour of integration 
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«Hse (kr) Liz (kr’)K2}(cos 0)Kz!(cos 6’) Kz(—cos 8) é 


April 
G may be deformed directly into the path C shown in 
Bicway . 

To effect an asymptotic evaluation as r>, kr’>>1, 
one may employ the image representations for Ge’ and 
G, in (17), and separate the geometric-optical from the 
diffracted contributions by following the technique de- 
scribed in the analysis of the scalar problems in Section 
II. An exact integral representation analogous to that 
in (4d) for the scattered magnetic field H, due toa ring 
source with m=0 situated at (r’, 0’) is found to be given 
for 0+0’<26)—a by 


x) (39) 
(a? + 4) cosh rx K,(cos 40) 


where K,”=P_12,i2”. The transition to an asymptotic 
formula as in (9) and an approximate evaluation for 
6) ~ 7m has been discussed.!:? 

To obtain the geometric-optical field for m=0, we 
examine the contribution to the integral in (38b) from 
those sources in (17) situated at +0’, +(20)—6’) in the 
infinitely extended 0-space; all other image sources con- 
tribute only to the diffracted field. For an evaluation to 
the lowest order in kr’ (as r—~, kr’>>1) only the large 
— behavior of the integrand is of importance so that the 
various image terms can be approximated by their 
asymptotic form as | é| — oo. [See (21a) with Ty, =1 
replaced by I'y,= —1, since the pertinent function is G, 
and not G)’]. Upon performing the (62/5660’) operation 
and approximating 1/(?—1/4) by 1/€?, one finds that 
the resulting integrand is the same as would be obtained 
in (20a) with (21a) by letting m=1. Thus, the geometric- 
optical effects for m=0 in the present problem, deter- 
mined to the lowest order by the large € behavior of the 
integrand, are the same as those in (25a) and (28), for 
m =1. For the behavior in the transition region 6 ~ 7 —6o, 
T(r’, a) in (25c) is replaced by T(r’, a) in (31). In sum- 
mary, for m=0 in the present problem, 


rH 


Opie a doiweE(r’)r’ sin Go| Gopt(o; r’, 80) |mat- (40) 


The radiation from a narrow ring slot with uniform 
radial electric field excitation was computed by Bailin 
and Silver’ from the exact, but slowly convergent, 
radial transmission formulation [analogous to (4a)] for 
kr’ =507, 00>=165°. Their results have been compared 
by Goodrich, e¢ al.,18 with the lowest order geometric- 
optical contribution in (40) and found to agree fairly 
well. Goodrich, e¢ al., computed the geometric-optical 
field outside the transition regions for this, as well as 
excitations with exp (im@’) variation, directly by a 
simple physical optics calculation. Unlike the present 
method, the physical optics approach cannot be rig- 
orously extended to yield information about transition 
and diffraction effects. 


18 R. F. Goodrich, et al., “Studies in Radar Cross-Sections XXII, 
Elementary Slot Radiators,” Eng. Res. Inst., University of Michigan, 
Ann Arbor, Rep. No. 2472-13-T; November, 1956. 
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G iSampble-Caleulation 


To illustrate the radiation pattern to be expected 
from a leaky wave type radial magnetic current dis- 
tribution on a semi-infinite cone, we consider En yin 
(32) to be given by 

E(r’) = cos md’ et’, 


= 0, Ana gr, 


Lae che a 


r’ > ro. (41) 


This source distribution with é real and less than # in 
magnitude represents approximately the effect of cer- 
_ tain two-dimensional leaky wave type antenna arrays. 
The first-order geometric-optical field (including transi- 
tion regions) is obtained from (35) upon substituting 
(41) and integrating over r’ between the limits 7; and ro. 
oe 6~0, the following typical integrals must be evalu- 
ated: 


i T2 eter’ 
Wil(a vif — dr’ 
1( ) i Ne Tr 


= enieg/= | ene ( =) 
a 2 
Ors 
=: eter R ae ; (42a) 


W 2(a) = yn f a/ refer’ dr’ 
rT) 


I 


k glist Ak ere 
taal [Vkro etre — 4/ hr, ety — 4Wi(a)], 


1a 


(42b) 


where the Fresnel type integral F is defined in (24b) and 
plotted in Fig. 5. When @=0, the integrations cannot be 
carried out in closed form but require the series repre- 
sentation for the Bessel functions and subsequent term- 
- wise integration.?9 
Numerical results for the radiation patterns are pre- 
sented in Figs. 8(a) and 8(b) for kr1=20, kr2=50, 
0=165° and —£/k=0.65, 0.75, 0.85, with m=0, 1. The 
calculations were made from the above mentioned 
formulas in the ranges 0<4° and @>10°. For 6>4°, the 
series representation appropriate for small 6 becomes 
rather unwieldy while for @<10°, the accuracy of the 
formulas of the type presented in (35b) is questionable. 
Therefore, the range 4°<@<10° has been filled in by 
what appears to be a reasonably smooth curve. 


APPENDIX I 
The angular traveling wave functions are defined as 
follows: 
Py, ®!(0) = +icse (E — $ — w)t [Pea *(—©0s 8) 
— eti(t1/2-u) P, 5 /5-#(cos 0)], (43) 


19 C, N. Campopiano and L. B. Felsen, “Radiation patterns of 
two-dimensional leaky and surface wave distributions on a semi- 
infinite cone,” Microwave Res. Inst., Polytechnic Inst. of Brooklyn, 
Brooklyn, N. Y., Electrophysics Group Memo. No. 35; November, 
1957. 
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Eel so omy 


kr, = 20, kr, = 50, 


8 = 165° 


E,| ry 
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8( Degrees) 
~ (b) 


Fig. 8—Leaky wave distribution of radial magnetic currents: 
(a) M(r’) =roe®*r’, (b) M(r’) = roet®"’ cos ¢’. 


and can be represented in terms of the hypergeometric 
function as”? 


Pp)! (8) = 4/ : 
qw sin 6 


+i (E0—pr /2 mR (S ae : el ay ) (44) 
ae NS ha ea ioe anges | 
2 2 + 27 sin 0 


CE ih ate a) 
rE 1) 


The representation in (14a) is accomplished via the 
transformation?! 


z 
F(ab ; ) = (1 — z)'F(b,c — a;c;2). (45) 
— 2 


One notes from (43) that 


Pye — 8) = (EMH) PAO); (46) 


20 For the case 4=0 in connection with the sphere problem, see 
Fok, op. cit., and Franz, op. cit. See also H. Bremmer, “Terrestrial 
Radio Waves,” Elsevier Publishing Co., New York, N. Y., p. 26; 
1949, 

2. W. Magnus and F. Oberhettinger, “Special Functions of 
Mathematical Physics,” Chelsea Publishing Co., New York, N. Y., 
p. 8; 1949. 
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moreover, the Wronskian is given by 


d d 
Px (8) RCNA — Py) rs Py) 


a a i ae Be oF 2) (47) 
ri sin 0 Té+t+et ae 
The large & behavior follows directly from (44) upon 
use of the asymptotic formulas 


1 
F(a, ;038) =1+0(—), Cc 0, (48) 
C 
and 
Qe [ E\E 1 
ret arn 4/F(Z)e[i+o(5)} 
E\e E 
E—> o, | arg é| <m. (48b) 


It is noted from (44), (48a), and (14a) that Pz,» (6) 
has no zeros or poles for values of | é| > ls Sisice 
P:4)2-"(+cos @) is a real function of « when =1x, x 
real (u>0), and has no zeros or poles for any finite 
value of x, one notes from (43) that P:,“)'®(@) has no 
zeros or poles for imaginary values of £ Since '(é+a) 
has no zeros or poles for real a and imaginary &, it fol- 
lows from the above that the functions Rem? and 
fim’ defined in (14a) and (16) have no singularities for 
imaginary values of &. 

We also require the large order asymptotic formulas 
for the cylinder functions in the right half of the €-plane,?? 


nom (2) agicgl*)) 


4 |é| > @, 


(49a) 


with the corresponding formula for the Hankel function 
obtained from 


=e **F(y) JAY) 


7 sin &r 


Bey) = (49b) 


Thus, one finds 


1 t ite 2 
J (x)HeM(y) ~ sale E et nat (2) |, 
T 


| £| — o, | arg &| < 7. 


(50) 


The second term inside the brackets in (50) is negligible 


in the right half of the ¢-plane except when (arg £) 7/2. 
In that instance one has 


1 
| Je(x) He (y) | ~ (51) 


| emlél —E— 100, 


APPENDIX II 


To estimate the contribution to the integral J; in 
(20a) from the second term in (21) as ro, kr’ >1, 
consider 


= [bid., p. 16. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


April 
lo J £ (br) He (krs)Go(6, 9) [FE 9, 9) — 1]dk, (52) 


where Go*F represents the exact form of a typical image 

term as given in (17),72.¢., F is composed of the factors 
Rim®+®, fem’, [ ]. Let the path C’ in Fig. 2 be broken 
up into the paths P and Q in Fig. 9 (Q=Qi+Q:+0’), 


Fig. 9—Paths in complex é-plane. 


where N =(kr’)1-*, 0<e1/2. This path deformation is 
possible since the integrand contains no singularities in — 
the region |£| > N>>1. Since (F—1) =0(1/£) as |£| 
and 7 in (23a) is 0(1) in kr’ [see (24)], the contribution 
to I,’ from path P is 0(1/N). Over the remaining con- 
tour, £/kr’=0[(kr’)-*], so that the large argument 
asymptotic formula for the cylinder functions can be 
employed to yield 


eikr 7 gilkr’—r/2) 
ie ee —— ee 
a kr | Vkr' 


e7ikr’ 1 
H(é) d 0 : 
+o Je © e|+ & =) 
where H=(F—1)G,*. In the evaluation of the second 
integral in (53), we note that the arcana from 
paths ti 2is 0(1/N) since | EH(é) | «(1/N) exp [— | Im | 
|g— y| |. Moreover, from (17), 


H(é) |1m po = H(—£) |e £<0) 


so that the integral along the imaginary axis vanishes. 
Thus, 


i} ke-ite (8) dé 


(53) 


(54) 


-- 1 
Jos = aie). e ttt d o(-), 
meres eeH® dé +0(— 
|@-»| #0, (55) 
z.e., I,’ contributes only to the diffracted wave, to 


0(1/Vkr’). Since F(, 6, ¢) is analytic along the path Q 
for all values of 6 and ¢ (see Appendix I), it follows that 
the functional dependence of J’; as a function of @ and 


g is the same for all 6 and ¢. 
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The Equiangular Spiral Antenna* 
JOHN D. DYSON} 


Summary—A circularly polarized antenna is described which 
makes possible bandwidths that a few years ago were considered 
to be impossible. 

The design of the antenna is based upon the simple fundamental 
principle that if the shape of the antenna were such that it could be 
specified entirely by angles, its performance would be independent of 
wavelength. Since all such shapes extend to infinity it is necessary 
to specify at least one length for an antenna of finite size. The one 
length in this antenna, the arm length, need only be of the order of 
one wavelength at the lowest frequency of operation to obtain opera- 
tion essentially independent of frequency, and the geometry of the 
antenna allows this arm length to be spiraled into a maximum diame- 
ter of one half wavelength or less. Antennas have been constructed 
that have an essentially constant radiation pattern and input im- 
pedance over bandwidths greater than 20 to 1. 


INTRODUCTION 
(y= of the serious drawbacks to any simplified 


solution toward providing coverage of large por- 

tions of the frequency spectrum has been the 
extremely limited bandwidths obtainable with both the 
receiving and transmitting equipment and the antennas 
required to successfully launch and receive electromag- 
netic radiation. As a result, a great deal of effort has 
been expended in the development of broad-band equip- 
ment. This paper is concerned with the latter portion of 
the problem, the development of a broad-band antenna. 

The term “broad-band” has been loosely applied in 
the past, but has usually described antennas whose radi- 
ation and input impedance characteristics were ac- 
ceptable over, at most, a frequency range of 2 or 3 tol. 
The bandwidth of the radiation pattern has been the 
limiting factor since antennas have been developed with 
an input impedance that stays relatively constant with 
a change in frequency. 

Several really broad-band antennas have been pro- 
posed in recent years—the discone by Kandoian,’ the 
conical helix by Springer® and later by Chatterjee,’ the 
Archimedes spiral by Turner‘ and the logarithmically 
periodic antenna by DuHamel and Isbell.’ 


* Manuscript received by the PGAP, June 16, 1958; revised 
manuscript received, December 11, 1958. This material was taken 
from a thesis submitted in partial fulfillment of the requirements for 
the Ph.D. degree in electrical engineering at the University of Illinois, 
1957. A treatment in more detail is given in Tech. Rep, No. 21, Con- 
- tract AF 33(616)-3220, Antenna Lab., University of Illinois, Septem- 
ber 15, 1957. ASTIA No. AD-145019. This work was supported by 
the Wright Air Dev. Center under Contract No. AF 33(616)-3220. 

+ Antenna Lab., University of Illinois, Urbana, Ill. f 

1 A. G. Kandoian, “Three new antenna types and their applica- 
tions,” Proc. IRE, vol. 34, pp. 70w-75w; February, 1946. 

2 P. S. Springer, “End-Loaded and Expanding Helices as Broad 
Band Circularly Polarized Radiators,” Electronic Subdivision, 
USAF, Air Material Command, Wright-Patterson AFB, Tech. Rep. 

. 6104; January, 1950. ’ : 
ee ae. Gorsties “Radiation field of a conical helix,” J. Appl. 

s., vol. 24, p. 550; May, 1953. . A 
ret E, M. Trner. “Spiral Slot Antenna,” Wright Air Dev. Center, 
Dayton, Ohio, Tech. Note WCLR-55-8; June, 1955. Gs 

’ R. H. DuHamel and D. E. Isbell, “Broadband logarithmically 
periodic antenna structures,” 1957 IRE NatIonaL CONVENTION 


REcoRD, pt. 1, pp. 119-128. 


In the fall of 1954, Rumsey of the University of IIli- 
nois advanced the theory that an antenna constructed 
in the form of an equiangular spiral of infinite length 
would have an infinite pattern and impedance band- 
width, and proposed that the characteristics of the finite 
size structure be investigated. Subsequent investigation 
disclosed that the equiangular spiral antenna was the 
first antenna to exhibit, in a practical size, the charac- 
teristics associated with an infinite structure.*7 Thus, it 
became the first of a class of antennas which may be 
called “frequency independent antennas.”® More recent 
work by DuHamel and Isbell has indicated that the 
logarithmically periodic structures which they have 
considered have as wide a practical bandwidth as the 
equiangular spiral. These structures however are lin- 
early polarized while the spiral is a circularly polarized 
antenna. 

This paper is concerned with some of the character- 
istics of, and design information for, the balanced planar 
equiangular spiral antenna. 


DEFINITION OF THE ANTENNA 


The design of the equiangular spiral antenna is based 
upon a simple fundamental principle. If all dimensions 
of a perfectly conducting antenna (immersed in lossless 
free space) are changed in linear proportion to a change 
in wavelength, the performance of the antenna is un- 
changed except for a change of scale in all measurements 
of length. Thus, as Rumsey has pointed out, it follows 
that if the shape of the antenna were such that it could 
be specified entirely by angles, its performance would be 
independent of frequency. 

Since all such shapes extend to infinity it is necessary 
to specify at least one length in order to specify an an- 
tenna of finite size. This principle can be used as a basis 
for practical antenna design, because in some cases the 
antenna performance is practically independent of wave- 
length, provided this one length is very long compared 
with the wavelength of operation. An investigation of 
the equiangular spiral antenna has shown that for this 
antenna the one specified length, the arm length, need 
not be large compared to a wavelength, and in fact need 
only be comparable to one wavelength at the lowest fre- 
quency of operation to obtain performance essentially 
independent of frequency. 

The equiangular or logarithmic spiral is a plane curve 
which may be defined by the equation, p=ke% as in 

6 J. D. Dyson, “The Equiangular Spiral Antenna,” Fifth Symp. 
on the USAF Antenna Res. and Dev. Program, Robert Allerton Park, 
Univ. of Illinois, Monticello, Ill., October 22, 1955. (Classified) 

7J. D. Dyson, “The Equiangular Spiral Antenna,” Univ. of 
Illinois, Urbana, Ill., Tech. Rep. No. 21, Contract AF 33(616)3220; 
September 15, 1957. 


8 V. H. Rumsey, “Frequency independent antennas,” 1957 IRE 
NATIONAL CONVENTION RECORD, pt. 1, pp. 114-118. 
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Fig. 1—The equiangular spiral. 


Fig. 1; and ¢ are the conventional polar coordinates 
and a and & are positive constants. 

If the angle ¢ is increased by one full turn, the radius 
vector is increased by the factor e?™*, hence each turn 
of the spiral is identical with every other turn except for 
a constant multiplier. 

The length of the spiral may be calculated from 


LbOrys —o 


which reduces to 
L = [a + 1]*?(@ = ipo). (2) 


To create an antenna from the equiangular spiral, we 
consider a conductor with edges defined by the two 
curves, 


pi = ke (3) 
and 
po = ket? = Koi, (4) 
where 
Kaees" <1, (5) 
p1 


The edges of this conductor are identical curves, with 

one rotated through the fixed angle 6, with respect to 

the other. This rotation gives the arm a finite width. 
A second conductor may be defined by 


P= keto) (6) 
and 
(Oy) Ret P18) = Kp3. (7) 


These two conductors constitute a balanced antenna of 
infinite length. To specify a finite size structure, one 
fixed length, the arm length, must be specified. The arm 
length as used here refers to the spiral length along the 
center line of the arm. Fig. 2 is an outline drawing of a 
practical antenna. 

It should be noted at this point that the antenna 
could be completely specified by the angle, 6, which de- 
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Fig. 2—Outline drawing of an antenna. («=0.35, K=0.597, 
k=0.2 inch, maximum diameter =9 3/16 inch.) 


termines the arm width, the arm length, and the con- 
stants a and k, the former controlling the rate of spiral 
and the latter the size of the terminal region. 

However, the investigation has disclosed that most of 
the characteristics of the antenna can be adequately 
specified in terms of only three variables, the arm 
length, the constant k and a constant K, defined in (5), 
which is a convenient measure of the angular width of 
the antenna arm, the width along the radius vector. A 
practical balanced antenna imposes a lower bound on 
K (i.e., e-@" <K <1) if the space between the arms is to 
remain open. ‘ 

The investigation with which this paper is concerned 
has been confined to the balanced, planar, equiangular 
spiral antenna with a balanced feed. Two forms of this 
antenna have been used, the plane conductor antenna, 
1.e., metallic arms suspended in free space, and the slot 
antenna, which consists of spiral slots cut in a large con- 
ducting sheet. Fig. 3 shows three of the slot antennas 
investigated. The slot antennas are shown cut into a 
14-inch square of 1/32-inch copper which was bolted into 
a larger ground plane. 

The slot antenna is a most useful form because it 
makes it possible to feed the balanced structure in a 
completely balanced manner simply by embedding the 
coaxial feed cable in the ground plane, or soldering it to 
the ground plane, as shown in Figs. 3 and 4. This 
method of feed, which might be referred to as an “in- 
finite balun,” is made possible by the rapid attenuation 
of the near fields on the arms. It is the only form of 
balun presently in use which will permit the fullest use 
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Fig. 3—One slot antenna showing modifications in terminal region 
to accommodate three sizes of feed cable. 
of the infinite impedance and pattern bandwidths of 
this antenna. The only disadvantage of this type of feed 
is that it requires leaving sufficient ground screen be- 
tween the slot arms to carry the feed cable. This im- 
poses a requirement that the spiral be terminated at the 
center in a fairly large feed section, as can be seen in 
Fig. 3, if a large coaxial feed cable is required. As indi- 
cated later, this feed section will determine the upper 
frequency limit of the antenna. 
If the width of the metal on which the cable is 
_mounted approaches the diameter of the feed cable, it 
becomes necessary to mount a dummy cable on the 
opposite arm, as has been done in Figs. 3 and 4 to main- 
tain symmetry of construction and to prevent a tilt in 
the radiation pattern. 


THE RADIATION PATTERN 


Using (3), we note that if the unit of length is chosen 
asa wavelength, X, and if p’ equals the radial coordinate 
_ measured in wavelengths, 


ab 
pee, eheee: ok e2(¢—1/a In 2) 
aN d 
or 
1 
p’ = er¢-4o) where go = — Ind. (8) 
a 


This would indicate that the effect of changing the 
wavelength is equivalent to changing the angle ¢o. Thus 
except for a rotation, the pattern of the infinite structure 
would be independent of frequency. Within the neces- 
sary limitation imposed by the one fixed length, 7.e., the 
arm length, this has been found to be true for the finite 
size structure. 
The radiation patterns of more than 40 spiral slot 
antennas have been investigated with the parameters a 


and K varying, 
Gea 1,20 and 20375 <— KS 0.97. 
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Fig. 4—Terminal region of antenna shown in Fig. 3(b). 


Spirals of one-half turn up to three turns have been con- 
structed. The antenna patterns appear to be remarkably 
insensitive to these variations, although there are opti- 
mum ranges of the parameters. Consistently good pat- 
terns can be obtained with spirals of only 14 or 13 turns. 

The antenna radiates a broad lobe perpendicular to 
the plane of the antenna over a practical range of pa- 
rameters. This radiation is bidirectional with equal 
beams radiated from the front and the back of the struc- 
ture. The beam is circularly polarized on its axis, over 
the usable bandwidth. There is no tilt to the lobe of the 
symmetrical antenna. 

For frequencies such that the antenna arms are very 
short in terms of wavelength, the radiated field is 
linearly polarized. As the arm length is increased (or 
frequency increased) the field, on the axis perpendicular 
to the plane of the antenna, becomes elliptically and 
then circularly polarized. Since there are no distinctive 
changes in pattern shape, this change in field polariza- 
tion becomes a convenient criterion for specifying the 
cutoff of the pattern bandwidth. 

The bandwidth, as used here, refers to that band of 
frequencies over which the antenna radiates a field such 
that the axial ratio of the polarization ellipse, recorded 
on the axis of the antenna, is less than 2 to 1. The radi- 
ated field will be considered circularly polarized over 
this bandwidth. Fig. 5 is a plot of the polarization of the 
radiated field of a typical antenna as a function of fre- 
quency. 

In general, the relationship of the lower cutoff fre- 
quency to antenna size would be a function of the three 
variables, a, 6, and the length. However, it is notable 
that all of the measured values can be represented in 
terms of two parameters, the length and the angular 
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Fig. 5—Polarization, on axis, of the radiated E field of 
antenna shown in Fig. 3(a). 
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Fig. 6—Minimum slot length in wavelengths necessary to produce 
circularly polarized radiated field (ry <2:1 on axis; 0.2<a<0.45). 


width factor K as indicated in Fig. 6. Over the practical 
ranges of aand K tested, the bandwidth appears to be a 
function of antenna diameter only insofar as the diame- 
ter is a function of how tightly the required length is 
spiraled. This immediately suggests that the antenna be 
spiraled tightly (z.e., @ made small) if the maximum 
bandwidth is to be obtained for a given diameter an- 
tenna. 

An examination of Fig. 2 and the fact that K is re- 
stricted to the range e-°*<K <1 indicate that a de- 
crease in @ raises the lower bound on K, in turn requiring 
a longer arm length. In addition, a further restriction is 
imposed on K if sufficient ground screen is left between 
the slots to carry a feed cable. Thus, depending upon the 
size of the feed cable, there is an optimum a and K to 
construct an antenna with the lowest cutoff frequency 
in a given diameter. 

The shape of the termination of the arms has little 
effect upon the pattern. The arms were terminated 
along the radius vector, along the orthogonal curve, and 
along an arc of a circle whose center is at the origin of 
the spiral. This latter termination has the advantage 
that it gives the greatest effective arm length, and hence 
the widest bandwidth, for a given antenna diameter. 

The upper cutoff of the bandwidth is a function of the 
fineness of construction of the spiral at the feed point. 
Since the spiral converges to a point, it is necessary in a 
practical structure to terminate the center in a small 


Fig. 7—Polar coordinate system for pattern measurements. 


straight or tapered section. This may be noted in Figs. 
2-4. At a frequency such that this straight or tapered 
portion becomes effectively a half-wave slot the axial 
ratio of the field has increased to approximately 2 to 1. 
The field becomes elliptically polarized for higher fre- 
quencies, so that this specifies the upper cutoff of the 
pattern bandwidth. 

Pattern bandwidths in excess of 20 to 1 have been 
recorded. This was the usable limit of the pattern range 
at this laboratory. There is no indication that this band- 
width could not be extended indefinitely. 

Since the upper and lower cutoffs are independent, 
the only limitation is the required diameter in which to 
spiral the necessary length, and the chosen size of the 
feed structure. 

All of the radiation patterns of the slot antennas were 
measured on a 12-foot square ground screen pattern 
range. The patterns are voltage plots and the coordinate 
system used is indicated in Fig. 7. The spiral slot an- 
tennas were bolted into the ground screen and fed as the 
transmitting antenna. Four patterns were recorded at 
each frequency; the crossed polarization patterns were 
recorded at the two principal plane cuts. Polarization 
patterns were obtained by positioning the receiving an- 
tenna on the axis of the spiral antenna and rotating the 
latter structure in the ground screen. 

Radiation patterns of a typical antenna over a 20 to 1 
bandwidth are shown in Figs. 8 and 9. This particular 
antenna is shown in Fig. 3(a). 

It was shown earlier that a change in wavelength of 
operation is equivalent merely to reorienting the an- 
tenna or shifting it through some angle around the 
6=0 axis. If the radiated field were independent of @ 
this reorientation would leave the pattern unchanged. 
However, when viewed from different points on the 
6=90° plane, the field of the practical structure may 
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Fig. 8—Radiation patterns of antenna shown in Fig. 3(a). (a=0.30, 


K=0.62, k=0.2 inch, maximum diameter =28.4 cm, arm length 
=38.7 cm, r=axial ratio.) 


have a beamwidth which varies 40° or more. Thus if 
operation is confined to a fixed frequency, an observer 
moving around the antenna will note a variation in the 
beamwidth at the half power points such as that of 
curve A, Fig. 10. Since the antenna is symmetrical, the 
variation is periodic every 180°. If the observer remains 
fixed with respect to the orientation of the antenna, and 
the frequency of operation is increased, he will observe 
this same variation of beamwidth. Consequently, if the 
frequency of operation is changed, the observer must 


also move around the antenna a fixed angular distance 


to make the pattern he sees remain unchanged. An 
examination of (8) indicates that this angle may be ex- 
pressed as 


1 
go = — Ind 


a 


or 


1 +A 
ee ee a 
a Ki 


Since .there are few distinctive pattern changes with 
frequency, a check of this pattern rotation may be made 
by a repetition of pattern beamwidth at a new fre- 
quency. Figs. 10 and 11 indicate two experimental 
checks on this rotation. In Fig. 10 we see that the varia- 
tion in beamwidth, observed through a variation in ¢ 
from 0°-210° for fixed frequency operation, is repeated 


(9) 
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f= 2500 Mc 


Fig. 9—Radiation patterns of antenna in Fig. 3(a). 


quite closely by observing at a fixed angle ¢, and in- 
creasing the frequency from 2472 to 7505 mc. The de- 
viation at the low end is traceable to end effect. 

In Fig. 11 observe that the variation in beamwidth is 
held within four degrees by an antenna reorientation, 
when the frequency was varied from 2 to 5.18 kmc. This 
is to be compared with the variation of approximately 
50° indicated in Fig. 10 over the same band of frequencies 
without reorientation. 

Since the pattern of the equiangular spiral antenna 
rotates with frequency, a detailed study of pattern 
change with frequency requires a corresponding an- 
tenna rotation for every shift in frequency. In most 
normal operations, the antenna will be in a fixed mount, 
and the pattern response with respect to that fixed 
mount is desired. Hence the patterns in Figs. 8 and 9 
are displayed as a function of frequency, without regard 
to any pattern rotation. This accounts for most of the 
apparent variation in the patterns over these frequency 
ranges. 

A detailed study made of the near fields along the 
antenna arms indicated that these fields decay very 
rapidly (as much as 20 db in the first wavelength) and 
that this decay is approximately a constant function of 
the arm length expressed in wavelengths. This has the 
effect of constantly shortening the active arm length as 
the frequency is increased, resulting in an effective ad- 
justment of antenna aperture size even though the 
physical aperture remains constant. There appears to be 
no tendency for the beamwidth to become narrower 
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Fig. 10—Rotation of radiated field with a change in frequency. 
(a=0.303, K=0.75, k=0.2 inch, L=33 cm.) 


Fig, 11—Patterns obtained by simultaneous rotation of antenna and 
increase in frequency. (@=0.303, K=0.75, k=0.2 inch, L=33 
cm) ¢ polarization. 


with increased frequency and the antenna aperture ex- 
pressed in wavelengths appears constant. 

The average beamwidth is relatively insensitive to 
variations of the antenna parameters, but the tighter 
spiraled antennas and/or antennas with wider arms 
tend to have smoother and more uniform patterns which 
exhibit smaller variations in beamwidth. 

The polarization of the radiated field, off axis, of a 
typical antenna is shown in Fig. 12. This particular an- 
tenna became circularly polarized on axis at 1000 mc 
and the bandwidth extends somewhere beyond 12,000 
mc. Over more than 80 per cent of the band it is cir- 
cularly polarized as much as 40° off axis. 


THe Input IMPEDANCE 


The input impedance of the planar balanced equi- 
angular slot antenna converges rapidly as the frequency 
is increased. For frequencies such that the arm lengths 
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Fig. 12—Polarization of the radiated E field of a balanced planar slot 
antenna. (c=0.30, K=0.75, k=0.2 inch, L=42.3 cm.) 


are greater than one wavelength, the impedance remains 
reasonably constant. The measured impedance of a 
typical antenna is shown in Fig. 13. This antenna was 
constructed of 3-inch copper with a 0.150-inch diam- 
eter coaxial cable (RG141/U) bonded to the ground 
screen between the slot arms. 

The input impedance of an antenna of zero thickness 
would be expected to converge to its characteristic im- 
pedance with an increase in frequency. The antenna of 
finite thickness does not have a uniform characteristic 
impedance since it is a nonuniform transmission line, 
but the input impedance rapidly settles down to a rea- 
sonably constant value for relatively thin antennas. 
The measured impedance of the antennas tested is be- 
low the theoretical impedance of an infinitely thin 
antenna, due in part to the thickness of the metal and 
the presence of the feed cable. There is a relationship 
between the arm width and the input impedance as in- 
dicated in Fig. 14. This curve is based on the measured 
impedance of antennas constructed of # copper, with 
k=0.2 inch, with RG141/U feed cable and without a 
dummy cable on the opposite arm of the ground screen. 
The use of a dummy cable of this size will lower the 
measured impedance approximately 10 per cent. The 
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Fig. 13—Input impedance of a typical balanced slot antenna fed with 
RG141/U cable. (k=.2 inch, a=.303, K=.75, L=42.3 cm.) 


Fig. 14—Input impedance of balanced planar slot antennas (con- 
structed of #;-inch copper with 0.150-inch coaxial cable bonded 
to screen between the slot arms). (0.2 <a<0.45, k=0.2.) 


input impedance of the antenna can be lowered still 
further by increasing the thickness of the metal; how- 
ever, this will be at the expense of some pattern band- 
width since it will lower the upper cutoff frequency. 

The measured standing wave ratio which a typical 
balanced slot antenna presents to a 50-ohm coaxial line 
is shown in Fig. 15. 

The use of a miniature cable, such as “Microdot,” 
lowers the capacitance between the arms and raises the 
measured impedance by approximately 20 per cent. 
‘However, an antenna fed with this cable may present 
considerably greater variations in the input standing 
wave ratio as a function of frequency due to irregu- 
larities in the miniature line after soldering it to the 


ground screen. 


EFFICIENCY 


The efficiency of the basic antenna, 1.¢., the metal 
structure consisting of slots in a metal plane or metal 
arms in free space without dielectric material or any 
type of cavity backing, was measured and found to be 
approximately 98 per cent for antennas with an arm 
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Fig. 15—Standing wave ratio which a typical balanced slot antenna 
presents to a 50-ohm coaxial line, ( =0.2 inch, a=0.303, K =0.75 
arm length =42.3 cm.) : 


length of one wavelength or more. For arm lengths 
shorter than one wavelength the efficiency decreases 
rapidly. 


CONCLUSIONS 


The planar balanced equiangular spiral antenna, in a 
practical size, exhibits the characteristics associated 
with an infinite structure. The bandwidth has been 
shown to be limited only by the chosen arm length and 
the precision of construction at the feed point. An ex- 
tension of the bandwidth is a practical matter since the 
arm need only be of the order of one wavelength at the 
lowest frequency of operation. 

The antenna will provide circularly polarized, single- 
lobe, bidirectional radiation, perpendicular to the plane 
of the antenna. The beamwidth varies with rotation 
in the plane of the antenna, and since the pattern ro- 
tates with frequency, the apparent beamwidth will vary 
with frequency for a fixed cut. The variation is typically 
approximately 40° or 50°. The more tightly wound 
spirals and the antennas with broader arms have some- 
what more uniform patterns. The input impedance con- 
verges with increasing frequency, and for the antennas 
of most interest, the slot antenna is rarely mismatched 
more than three to one to a 50-ohm line, and is usually 
two to one or better over the radiation pattern band- 
width. 

The structures described in this report are not minia- 
ture when compared to many present narrow-band an- 
tennas. However, the maximum diameter need only be 
one half wavelength. The primary advantage of the an- 
tenna is its capability of radiating circular or elliptically 
polarized energy with good efficiency over unlimited 
bandwidths that are at the discretion of the designer. 
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The Influence of Gain and Current Attenuation on the Design of 
the Rhombic Antenna* 
R. P. DECKER} 


Summary—With the increased use of the ionospheric scatter 
mode of propagation in the VHF range, the horizontal rhombic an- 
tenna is employed in many instances because of its simplicity, high 
performance, and low maintenance costs. Designers of these long 
rhombics have no doubt realized that the ‘‘maximum output” and 
‘‘maximized” designs described by Harper and others do not take 
into account current attenuation due to radiation and cannot gen- 
erally be employed when //\>8 because of the requirement that the 
first ground factor maximum should agree closely with the free 
space vertical pattern maximum. This leads to the conclusion that 
power gain is the logical basis for design. In order to formulate 
an expression for power gain, a relation must be established between 
the radiation resistance with uniform current distribution and radia- 
tion resistance with exponential current distribution. The expression 
derived by Lewin is compared to that derived by Zuhrt. Gain curves 
are drawn using the formulas, and the ‘‘maximum output” and lobe 
alignment design are compared on the basis of gain with the design 
based on maximizing the vertical pattern function at the desired 
angle of radiation. It is found that only under certain conditions does 
the ‘maximum output” design have greater gain for the same leg 
length. The maximum gain condition is discussed together with 
optimum termination loss, attenuation rates, and surge impedance 
formulas for multiple wire rhombics. 

In general, the analysis does not invalidate the design conditions 
previously derived, but rather increases the emphasis on the general 
alignment condition and gain and decreases the importance of the 
“maximum output” and ‘‘maximum alignment condition” which 
were derived on the basis of a constant input current and uniform 
current distribution. 


INTRODUCTION 


HE horizontal rhombic antenna is still extensively 
ls ues in the HF and VHF regions. It has the ad- 

vantages of high gain at low cost, broad-band op- 
eration from the standpoint of impedance and gain, and 
excellent front-to-back ratio. Disadvantages include a 
large amount of land required, some loss of power in the 
termination, and relatively high sidelobe levels with 
short rhombics. However, these disadvantages are not 
necessarily serious. The amount of land required for 
the same gain may be reduced considerably by vertical 
stacking. Only a small fraction of the input power need 
be wasted in the termination by using multiple wire 
techniques. Also, side lobe levels are always high with 
short rhombics, but decrease considerably as the rhom- 
bic becomes larger. Sidelobe levels in short rhombics 
may also be reduced by using broadside or end-fire 
arrays of rhombics. 

Recent developments in the VHF scatter propagation 
field have demonstrated the importance of the antenna. 
Design considerations are somewhat different in the 
VHF from the HF range. In the HF range, the vertical 


3s Manuscript received by the PGAP, July 18, 1958; revised 
manuscript received, December 24, 1958. 
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pattern is expected to follow changes in angle of signal 
arrival with varying frequency for long F-layer hops, or 
maintain efficient performance at a fixed angle with 
varying frequency for shorter hops. Vertical beamwidths 
must not be too sharp to discriminate against changes 
in angle of arrival. In the VHF (ionospheric scatter) 
range the pattern maximum should remain relatively 
constant with changes in frequency. Vertical pattern 
maximums are seldom above 7°, thus calling for rela- 
tively long high-gain rhombics with beamwidths of from 
3: tor 0c. 

It has often been argued that the complete perform- 
ance of the antenna cannot be determined because of the 
complexity and uncertainty of the computations. This 
argument is no longer valid, however, because of recent 
progress made in evaluation of radiation resistance with 
current attenuation which, except for the effects of 
ground, allows the gain of the antenna to be determined 
well within the limits of engineering accuracy. 

The writer realized that present design methods are 
based on maximizing the free space vertical pattern 
function with respect to the apex angle and leg length, 
assuming no mutual coupling between wires. This has 
prompted the study of gain as a basis for design, since 
the true maximum gain condition and the “maximum 
output” condition derived on the basis of negligible 
coupling were suspected to be quite different. 


A Review OF DEsIGN METHODS BASED ON MAXIMIZA- 
TION OF THE VERTICAL PATTERN FUNCTION 


In the following analysis (see Fig. 1) let 


Bical: 


6—azimuth angle 

A—vertical angle measured from horizon 

¢—one half side apex angle} 

h—height of antenna above ground 

a—attenuation constant (=al) nepers per leg length 
a—attenuation constant in nepers per meter 
i—rhombic leg length 

\—wave length 


With some authors this is called the “tilt” angle. 
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The above are assumed to be in the MKS system of 
units. The general expression for field strength over 
perfect ground with a given input current J) and an ex- 
ponential current distribution? at a distance r is 


240rIy 1 
je es COS dV ko*X1%2 + a?(cos 28 + sin? B sin? A) 


V1 + e-** — 26 cos Roxy 
V Rox? age 


VJ ko?x2” cs bal ye (1) 


; (= : ) 
2 sin { —— sin A 
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is the ground factor for perfectly conducting ground with 


Vee er cos kiss (rk 
a a ee SiN ( sin a) : 


2rl 

Rox = ae [1 — cos Asin (¢ + 6) | 
2rl 

Rox. = se [1 — cos A sin (¢ — Bl: 


_ With a uniform current distribution (1) becomes 
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It is to be noted that the radiated field in general is 
elliptically polarized except in the two principal planes, 
and the above expressions contain both the herizontal 
and vertical components. The field as given by these 
expressions is the square root of the time average 


(2) 


_ Poynting vector. 


Eq. (2) with 6 =0° defines the principal plane vertical 
pattern function for a constant input current with a 
uniform current distribution (omitting the ground fac- 
tor): 


l 
ki cos ¢ sin’ E (1 — cos Asin 6) | 


Es [1 — cos A sin $| 


480 


ip 


ky = for the antenna in free space. (3) 


This is the equation normally used in the optimization 
of 1/\ and ¢. Now if we fix A and call it Ao’, the desired 
angle of vertical pattern maximum, and maximize (3) 


with respect to ¢ we obtain 


2 E, G. Hoffmann, “Der Einfluss der exponentiellen Stromvertei- 
lung auf die “Strablingseigenschaften der Rhombusantenne,” Hoch- 
frequenztechnik u. Elektroak., vol. 62, pp. 15-20; July, 1943. 
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al 
tan Ae (1 — cos Ao’ sin é)| 
2rl 1 — cos Aj’ si 
= —cos?¢ cos A)’ ees ; (4) 
r cos Ao’ — sin 


This is generally termed the “maximized” design condi- 
tion. When A,’ =0, we find that 


: E a ; | 2nl : ; 
an | — (1 — sin = — cos? ¢. 
¢ (5) 

This is the “zero angle optimum” condition which 
should give maximum gain or output at the horizon 
A=0"), 

If further we maximize (3) with respect to J/\ and 
solve this and (4) simultaneously, we find that 


sin @ = cos Ao’ 


l 1 


ae ES eee 6 
nN 2 sin? Ao’ (6) 


This is the “maximum output” condition which should 
give the highest gain possible for any desired angle of 
radiation A)’ for the case of uniform current distribu- 
tion. The “maximum output” rhombic has the property 
that the main free space vertical lobe maximizes at 
angles less than the desired angle Aj’. If currents in the 
rhombic legs are assumed constant for a given input 
power with changes in //\ and ¢, then this condition 
does give the maximum possible gain at a given vertical 
design angle, even though the vertical pattern maxi- 
mizes at a lower angle. (See Fig. 2.) Eqs. (3)—(6) were ob- 


Fig, 2. 


tained on the basis of a uniform current distribution, 
which of course is an impossibility if any power is to be 
radiated. The pattern functions are moderately affected 
by a current decrement along the rhombic wires, which 
is assumed to be exponential. These equations then are 
not strictly accurate when current attenuation is taken 
into account, but their accuracy is well within engineer- 
ing tolerance. Eq. (3) may be maximized with respect 
to A to find the true angle of vertical pattern maxi- 
mum Ao. 
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l 
— — 0.371 
r 


cos Ap = Sn: 
—singd 
N 


] 


l 
= sin cc) = —— OSi (7) 
r d 


If J/A sin 6 <1/A—0.371, then Ap=0°. 


Now if it is desired to determine Ay with exponential 
current attenuation, we use the general relation’ 


1 
vi a 
cos Ap = j (8) 
—sin ¢ 
nN 
where x is a solution of 
sin 2x[a? + 4x2] = 22[cosh a — cos? a]. (9) 


The quantity x is plotted as a function of a in Fig. 3. 
Egs. (7) and (8) will be referred to as the general lobe 
alignment condition. According to (8), the vertical pat- 
tern maximum decreases in angle slightly as the at- 
tenuation constant a increases. 


Fig. 3—Attenuation constant vs x. (After Hoffmann.) 


If we let sin 6=cos A)’ as in (6), but have the free 
space vertical lobe maximum coincide with the desired 
angle, we use (7) (uniform current case) to determine 
l/\. Then we have 

sin @ = cos Ao’ 


1 0.371 l 0.371 
—_— =e ee r —_—_ = 
r 1 — cos A’ sing rn sin? Ao’ 


(Ao’ = Ao). 


(10) 
This is termed the “maximum alignment” condition for 
uniform current distribution. 

DETERMINATION OF POWER GAIN 


The power gain of the rhombic antenna is an im- 
portant quantity, particularly in scatter circuits where 
reliability is determined by system gain. Also, for the 


3 Hoffmann, op. cit. 
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purposes of this discussion, we need to compare the 
various design criteria on the basis of gain. 

If the rhombic is properly terminated so that the 
back wave is minimized, then its input resistance is 
equal to its nominal surge impedance and terminating 
load Z. The expression for power gain over perfect 
ground (including termination losses) can then be formu- 
lated from the expression for field strength E with ex- 
ponential current attenuation and antennainput power: 


FR 
1207 
Sole (11) 
I(?Z 
4rr? 
or 
1\2 
19207? (~) cos? 
8p 


2 ae 3 
E + e*¢ — 2e* cos (= (1 — cos A sin )) 
2rl : 
a? + |= (1 — cos Asin | 
2ah 
- sin? (= sin a). 
oN 


In this equation, we lack the relationship between a, Z, 
l/X and ¢. On the basis of a transmission line analogy, 
Lewin‘ proposed the relation 


(12) 


=— (13) 


where Rp is the free space radiation resistance with uni- 
form current distribution. 

However, Zuhrt,®’ by comparing field intensities with 
and without attenuation, arrives at the relation 


Ve BADR, 


ee. 14 
47 Rs a4) 


To resolve the differences between (13) and (14) we may 
start with the power balance equation for the following 
properly terminated rhombic: 


IQ’Z — Vigil ae a Io?Z (15) 


where 


J,=current in end termination 

R,=radiation resistance with exponential attenua- 
tion with respect to the square of the input cur- 
rent. 


‘L. Lewin, “Rhombic transmitting aerial, increasing the power 
efficiency,” Wireless Engr., vol. 18, pp. 180-187; May, 1941. 

° H. Zuhrt, “Strahlungswiderstand und Gewinn von Rhombusan- 
tennen mit angeniherter Beriicksichtigung der Strahlungsdampf- 
nae Archw der Elektrische Ubertragung, vol. 9, pp. 255-258; June, 
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Since 


ih Ioe-2 


(16) 
we have 


Bh, 6 eZ, (17) 


Thus, if we can establish the relationship between R 
and Ro, gain may be determined exactly with a knowl- 


edge of the antenna parameters. Lewin’s (13) requires 
that 


R, 1—e-*% 
aeetes as se 
_ Zuhrt’s relation requires that 
OG aaa 
—_— = —__. (19) 


Ro 4 

Because of the discrepancies between (18) and (19), R, 
was determined for various rhombic parameters by in- 
tegration. The integrations were carried out using the 
IBM 650 computer and Simpson’s rule, so that the 
probable error in R, was estimated to be one place in 
the fifth decimal. R, is found by using (1) (omitting the 
ground factor) to integrate the power density; and with 
(17) for the power balance condition we have 


l 2 
R, = 4807 (~) cos? oI (20) 


where 
TI2 7 (Ro?x1X2 + a?(cos? B + sin? G sin? A)) 
Bite , if (Ro?x1? fe a”) (Ro*x2” oe a”) 
(1 + e-% — 2e* cos Rox) 
(1 + e-%* — 2e~* cos kox2) cos AdAdp. 
Ro is computed from the Lewin-Chaney formula :** 


Ro 


pee tnt 2 Cid 2 Cie (21) 


— Ci(6+ dad — Cie — d) 

+ cos ¢:[Ci (¢ + ¢1) + Ci(e — «1) + Ci(d + di) 
+ Ci(d — d)) —2Cia — 2Cid,] 

+ sin c,[Si (¢ + c1) — Si (ce — c1) — Sid + di) 
+ Si(d — d:) — 2Siar + 2 Sid,]} 


where 
Arl l 
pat Ree ee cy = 44 — cos? 4, 
IN d A 
Aa] Anl . 
d= Se hee, d, = —— sin’ 9. 
nN d 


c “Free space radiation impedance of rhombic an- 
ry Sea Plies vel. 24, pp. 536-540; May, 1953. See also 


Lewin, op. cit. 
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Table I shows the results of some of the integra- 
tions: 


TABLE I R,/Ry 


U _ ~20 
F aah 18) pil eaten ek ee eee 
» r rx 4a 4 
o=72° o=81° o=84° (Lewin) | (Zuhrt) 
Ro=647.540|/Ry=529.880|Ry= 655.459 

0.25 0.63265 0.63106 0.63433 | 0.63212 | 0.64523 
0.40 0.49996 0.50045 0.501601 | 0.49881 | 0.52514 
0.60 0.38116 0.38386 0.38291 | 0.37887 | 0.42327 
0.68 0.34970 0.34343 | 0.39480 
0.80 0.30789 0.29976 | 0.36114 
1.0 0.25632 0,24542 | 0.32225 


The results of the integrations indicate that Lewin’s 
relation is within 1 per cent of R,/Ro for attenuation 
constants of 0.6 or less, and is about 2 per cent in error 
for a=0.68. Zuhrt’s expression is far less accurate, even 
for relatively small rates of attenuation. The inaccuracies 
of the Zuhrt formula could have been foreseen for high 
rates of attenuation since, when Ry»=4Z, a must be 
infinite according to (14). A simple analysis shows that 
an error in R,/Ro results in a fraction of that error for 
g,. On the basis of the integrated values of R,, the 
average error in g, as a result of (18) varies as follows: 
0.017 per cent with a=0.25, 0.12 per cent with a=0.4 
and 0.245 per cent with a =0.6. It is concluded from this 
that the error incurred in g, as a result of (13) and (18) 
is so small that it is of the same order of magnitude as 
the error due to the assumed exponential current dis- 
tribution. This justifies the use of a=Ro/4Z in (12). 
Ohmic wire losses and poor ground losses would also 
produce far greater errors. 

It is well known that the proximity of the antenna to 
ground will cause the radiation resistance to undulate 
about the free space value approximately as sin x/x as 
the height of the antenna is increased.” The presence of 
the ground will also affect the horizontally polarized 
component of the field differently from the vertically 
polarized component. While the error incurred over 
ground by the use of the free space formula is considered 
small with rhombics at practical heights, it will in 
most cases cause larger errors in gain than those 
caused by the use of Lewin’s relation for attenuation 
constant. 


A COMPARISON OF CERTAIN DESIGN CONDITIONS 


On the basis of the results of the preceding section 
we are now in a position to determine the power gain 
of the rhombic antenna at beam maximum and in free 
space with B=0°, A=Ap: 


7 Lewin, op. cit. 
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8p (A=Ao) 


1 2 
1920ar? (~) cos? ¢[1 + e-2* — 2e~* cos (2x) |? 


Ro[a? + 422x?| 


In Fig. 4 we have a plot of this equation for a constant 
antenna surge impedance of 500 &. The solid lines are 
for constant apex angles, and the dashed lines for con- 
stant angle of vertical free space maximum Ap. It will 
be noted that there are two lines for Aj) =0°. The lower 
line corresponds to the lobe alignment condition 
(1/X) —x=I/X sin, @ and the upper one corresponds to 
the “zero angle optimum” condition given by (5). The 
gain curve rises until it reaches the “zero angle opti- 
mum” line and then falls due to beam splitting. The 
dashed curves for Ap do not apply once the maximum 
of the gain curve for a given ¢ has been exceeded. The 
free space vertical maximum occurs at 0° for any point 
to the right of the lower Ay —0° line since the derivative 


at A=0° is always zero. For a given Ao, gain maximizes. 


at leg lengths somewhat less than the “maximum out- 
put” leg length for 500 Q rhombics. 
Now for the “maximum output” condition we have 


§p(A=Ao’) 


1 2 
192070 (—) cos? [1 + e]4 
(sin @ = cos Aj’) ze R,|a? 


- (23 
= (23) 
For the sake of comparison with the gain of a rhombic 
with the same //) satisfying the general alignment con- 
dition, (8), we may let a?~0 and in (22) x ~0.371. Eqs. 
(22) and (23) then become 


l 2 
3487.34 (~) cos? $[1 + e-%4 + 1.3783e-4]? 


Sp(A=Ay) ~ ra (24) 
and 
ip 2 
1920a (—) cos? [1 + e-#]4 
p(A=Ao:) r 
(sin ¢=cos Ay’) ~ (25) 


Ro 


The ratio of gains for the same leg length and attenua- 
tion constant is, therefore, 


1.8163 cos? oi[1 + e-% + 1.3783e-*]?Ro, 
cos? go[1 + e-@]4Ro, 


Sp(A=Ao) 


§p(A=Ao’) 


1 


— = constant 
nN 


(a = constant) (26) 


where the subscripts 1 and 2 refer to gain at Ay and Aj’ 
respectively. Now we find that the product 


cos? $1Ro, 
cos? d2Ro, 
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is essentially constant =.921. Also, the quantity 


[1 + 2 + 1.3783e-4]? 
[1 + e]* 


is relatively independent of a and equal to .72. 


We finally have proof that the difference in gain for the 
two cases is 10 log 1.2 =0.80 db in favor of ee general 
lobe alignment condition (7). 

For the same antenna impedance, we ee 


cos? gi[1 + et + 1.3783e-%]? 
cos? a[1 + e-*]+ 


de oh: 


§p(A=Ao’) 
— = constant 
r 


(Z = constant) (27) 


The conclusion in this case is that, for rhombics of the 
same Z and leg length, the “maximum output” rhombic 
has higher gain than the general lobe alignment design 
of approximately one db for most practical cases de- 
pending on elevation angle or leg length and Z. The 
difference decreases with increasing //X and lower surge 
impedance. 

Although the general lobe alignment condition affords 
about 1 db less gain than the maximum output case for 
the same Z, from the practical design standpoint the 
advantages of the former usually outweigh those of the 
latter, especially for wide-band applications. The larger 
side apex angle of the lobe alignment case means an in- 
herently lower-impedance antenna, and a few tenths of 
a db can be regained in this way. In addition, the free 
space vertical pattern of the maximum output design 
does not follow changes in the ground factor with fre- 
quency as well as the lobe alignment design. With very 
long rhombics also, and with sharp vertical patterns as 
in-scatter applications, the ground factor maximum 
should agree closely with the free space maximum. The 
“maximum output” design is, therefore, seldom used. 

Now for the “maximum alignment” condition (10) 
with equal ¢ but different //A, we have for the same a 
and angle of elevation 


1 2 
2p (max. output) 4 (=). Ro, (1 + e-*)4 
Zp (max. align.) (~) Ro, (1 + e+ 1.3783e-2)? 
2 


r 


a? + (.7417)? 
a+ 7? 


(a = constant) - (28) 


or 


e ee Pea 
371 aay = Pe 
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With the same antenna Z: 


(ies 


gp (max. output) 
(1 + e241 4+ 1.3783e-%) 


=°1.8163* 
gp (max. align.) 


a2? Si (7417)? 


(Z = constant) - paca (29) 
where 
600 477 
azo e eer tee 


The difference in gain is 1.45 db in this case. 


Tue TRUE Maximum GAIN CONDITION AND THE OPTI- 
MIZATION OF ATTENUATION CONSTANT AND h/I 


The “maximum output” condition affords the highest 
gain obtainable when the vertical pattern function is 
maximized with a constant input current. When gain 


is maximized for a given vertical angle Ao, however, an 


entirely different condition is obtained. Let the attenu- 
ation constant a be fixed. Then we have from (22) 


l 2 
ko{ —) cos? 
(x) g 


8p(A=A0) = ‘s (30) 
(ke = constant) 
Now it can be shown that g, is a maximum when 
l 
8 — cos? @ = 1. (31) 
d 
From (8) and with (31) we have 
1 16x — cos? Ap + cos Aov/256x2 — 32x + cos? Ao (32) 
il 16 sin? Ay 


Eqs. (31) and (32) are the true maximum gain condi- 
tion. 

We note that the maximum gain rhombic is about 23 
per cent longer than the maximum output rhombic and 
has a value of Ro of 174.8 Q which is nearly independent 
of Ao. This condition requires a very low antenna surge 
impedance in order to have reasonable termination 
losses. Such low impedances are usually obtainable only 
ona single frequency basis. Also, the leg lengths involved 
are so great that the maximum gain condition is, 
generally, practical only in the VHF region. 

For the same attenuation constant the maximum gain 
rhombic affords 1.52 db more gain than the “maximum 
output” rhombic. 

An interpretation of the differences in design condi- 
tions between those based on the pattern function (3) 
and those based on power gain can now be made. Con- 
sider first a constant a=al. By squaring (3) and holding 
I) constant we observe that if Ro is independent of ¢ 
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AZIMUTH dune LEGHLES 


Fig. 5—Azimuth pattern of 10° maximum gain rhombic. 


ELEVATION ANGL or 


Fig. 6—Vertical pattern of 10° maximum gain 
rhombic over perfect ground. 


or //d for a given A; then both (3) and (12) (power gain) 
will give the same design conditions when they are 
maximized with respect to //A and @. If @ is not too 
great with respect to //X for a given A, then R, is es- 
sentially constant with ¢ and //X. This is equivalent to 
saying that the radiated power is independent of @ for a 
fixed A. As ¢ approaches 90°, however, Ro decreases, 
causing the maximum in power gain to occur at rela- 
tively large apex angles. When Ro decreases signifi- 
cantly as @ increases, coupling between wires has in- 
creased to the point where it can no longer be neg- 
lected. With a constant surge impedance, the two de- 
sign conditions will be more nearly identical, since 
changes in the exponential terms in (12) are second 
order effects even with apex angles approaching 90°. 
Optimization of //\ and ¢ for a constant al is more sig- 
nificant, since the termination loss or antenna efficiency 
is fixed while it is not in the case of constant surge im- 
pedance. 

The principal plane patterns of a typical maximum 
gain rhombic are shown in Figs. 5 and 6. In this case 
Ay =10°, //N=20.362, 6 =85°30’. The azimuth pattern 
at Ay=10° (Fig. 5) indicates a half-power beamwidth of 
10.2° with a 17.8 per cent maximum sidelobe (voltage). 
Sidelobes beyond 8=25° are practically non-existent. 
The vertical pattern (Fig. 6) is shown over perfect 
ground with the ground factor maximizing at 10°. It 


also has relatively low-level sidelobes, the largest being 
15. per cent: 


eT ee ee 


ote 


a 
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Fig. 7—Variation of power gain with attenuation constant. 


We will consider next the optimum attenuation con- 
stant a. As attenuation rate increases, the ratio of maxi- 
mum to average power radiated decreases as does the 
termination loss. This ratio is a slower varying function 
of a than is termination loss. Hence, there is a value 
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sin-A, = or cos dy = 4/1 ——— (34) 
h 2 
; “() 
aN r 
Also 
l 
— — % 
COS Ao 
= sin 
i ¢ 


Now we want the difference between cos Ay and cos A 
to be a minimum over the range ); to dz so that on a 
least square basis we have 


al 
ore 


where 


of a which gives maximum power gain. Now for fixed mm oe 2 
l/Nand $ os ae | 1 
dhe of ve 1 — ———_—_ | d). 
5 kza[1 + e-¢ — 2e-* cos (2xx)]° M1 Lice h\? Se 
Jag a? + An?x? se ata f (3) 
(ks = constant) Integrating and solving for sin ¢ we have 
h if 3 1 3 l 2 2 
ue Geng e Asc). eG) 
‘ ve I r 2 ON 1 d 1 r 2 rN 2 nN 1 
sin ¢@ = wi Sed hie ee Cee 3 ROO AING 3/2 (36) 
COWPS Ea role apie eo AR Goi 
A/2 l A/i A/i l A/2 


We find that gain is a maximum when a=0.68, which 
corresponds to a termination loss of 0.3 db, or 6.6 per 
cent of the input power. For this condition we must 
have Z =0.368 Ro. In (33) fora fixed //X and Ao, ¢ should 
be changed slightly to compensate for changes in a, thus 
affecting Ro or ks. However, even if a were not precisely 
determined, the relative gain function (Fig. 7) is so 
broad near the maximum that a 10 per cent error in a 
would cause only a 3 per cent error in gain. It is obvious 
that it will be rarely possible to obtain a surge im- 
pedance low enough so that a=0.68 over a wide fre- 
quency band. Lower values of a, say 0.45, may be quite 
practical in the VHF band, at which point power gain 
is degraded only a few tenths of a db from its theoretical 
maximum value. 

In the foregoing analysis, we have seen that in the 
sreat majority of applications, the general lobe align- 
ment condition (8) will be used. In order to cover a 
specified frequency band over ground, it is clear that 
the free space vertical pattern must follow the ground 
‘actor as closely as possible. We may determine the 
yptimum ratio of height to leg length (h/1l) as follows. 
“et the ground factor maximum correspond to A;. Then 


Thus the optimum /// ratio is a function of apex angle 
and leg lengths at the two ends of the band. 


SURGE IMPEDANCE 


If the rhombic is to minimize the backward travelling 
wave, then the terminating resistance Rr must equal the 
nominal characteristic impedance Z. Also, if the rhombic 
is correctly terminated so that Rr=Z, then Ri, =Z. For 
the single wire case, Fig. 8(a), Schelkunoff’ and Chaney? 
consider the correct value for Rr to be that correspond- 
ing to the input impedance of an infinitely long V an- 
tenna: 


r 
Rin = Rr = 120In (— cos 6) aE: (37) 


ao 


where do=radius of wire. For frequency-independent 
operation, we may use conical conductors as in Fig. 


8(b).?° 


8 S.A. Schelkunoff and H. T. Friis, “Antennas Theory and Prac- 
tice,” John Wiley and Sons, Inc., pp. 457-469; 1952. 

9G. G, Chaney, “Current Distribution and Driving Point Im- 
pedance for a Rhombic Antenna,” U.S. Naval Postgraduate School, 
Tech. Rep. No. 11; March, 1954. 

10 Schelkunoff, op. cit. 
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(b) 
Fig. 8. 


(a) 


2 cos d 


Z= 120m (38) 


where y is one-half the apex angle in radians. In the case 
of two sets of conical conductors [Fig. 8(c) ] we have 


2 cos @ 


Z = 120In (39) 


Vv 


Inasmuch as conical conductors are impractical, con- 
sider 2 wires equally spaced on a circle and tapered to 
form a cone. The expression for nominal surge im- 
pedance can be derived with the aid of Schelkunoff’s 
nonuniform transmission line theory: 
2 cos 72 
jh = 120 In = eee ee 


TL terape eee n 
EL 
r 


(40) 


Eq. (40) can be used to find the nominal surge imped- 
ance for the most common type of multiple wire con- 
figuration, namely three wires in one plane space- 
tapered by an angle y (W being the angle between the 
middle and either outside wire). A geometric mean 
radius is used in this case. We have 


603 cos @ 

Zeal DOT (41) 
F 3 y ao 
r 


Eq. (40) shows that as the number of space tapered 
wires increases, the legs of the rhombic approach true 


1S. A. Schelkunoff, “Electromagnetic Waves,” D, Van Nostrand 
Co., Inc., New York, N. Y., pp. 290-292; 1943. ee 
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conical conductors and Z thus becomes less and less 
dependent on frequency. For n—, (40) approaches 
(38). For n=1, (40) reverts to (37). 


The lower the surge impedance of the rhombic, the - 


less susceptible it is to precipitation static. While single 
wire rhombics are commonly used for receiving, the 
advantages of multiple wire legs should not be over- 
looked. Multiple wire rhombics have shown as much as 
9-db improvement in precipitation static over single 
wire types. - 


CONCLUSION 


Certain general remarks can be made on the fore- 
going discussion. We note that the true maximum gain 
condition is simply a specific case of the general “lobe 
alignment” condition. Due to the low radiation re- 
sistance for this design, multiple wire techniques are 
usually required to lower the termination loss. The ad- 
vantage in using gain as a design basis generally is also 
apparent. A good example is the design of rhombics for 
relatively short E and F layer hops where maximum 
gain is desired at a fixed elevation angle over a wide 
frequency band. The procedure in this case is to deter- 
mine the leg length from the mean frequency and eleva- 
tion angle, and then adjust ¢ in (12) to give equal free 
space gain at both ends of the band, taking into account 
changes in attenuation constant. The height is adjusted 
separately and in this case (36) would not apply. 

The analysis has shown that any design other than 
the general lobe alignment case would rarely be used, 
especially for long rhombics. Mutual coupling cannot be 
neglected in the design of large maximum gain rhombics, 
nor can the radiated power be considered constant with 
changes in apex angle when the apex angle approaches 
that for the maximum gain condition. 
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Directivity of a Broadside Array of Isotropic Radiators* 
H. E. KING} 


Summary—Directivity curves, of a uniform broadside array of 
isotropic sources, are shown to illustrate that gain increases almost 
linearly with aperture size until an optimum source spacing of ap- 
proximately 0.9 \ is reached. 


UNIFORM linear broadside array will yield maxi- 
A mum gain! for a specified aperture, except for 

‘antennas with “supergain” characteristics. The 
Dolph-Tchebyscheff arrays yield less gain than a uni- 
form array because gain or beamwidth is sacrificed to 
achieve low-level side lobes. 

If a broadside array having maximum gain is desired, 
the high sidelobe levels, which are only 13 db down on 
the main lobe, must be accepted. To achieve the highest 
gain possible for a specified aperture and/or for the 
minimum number of elements, a knowledge of the maxi- 
mum spacing possible before the gain or pattern de- 
teriorates is necessary. 

The purpose of this communication is to present 
curves displaying directivity characteristics of a uniform 
broadside array, as a function of the spacing, of JV iso- 
tropic radiators. 

The directivity,” relative to an isotropic radiator, of 
N isotropic point sources equispaced and equiphased 
with uniform current distribution, can be written as 


* Manuscript received by the PGAP, February 6, 1958; revised 
manuscript received, November 17, 1958. , 

+ Ramo-Wooldridge, a division of Thompson Ramo Wooldridge 
Inc., Los Angeles, Calif. : 

1 Gain and directivity are used synonymously in this note. 

2 From the notes of R. W. Klopfenstein. 
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N = number of elements 
and 


d = spacing of the point sources. 


Fig. 1 is a plot of the gain for WN isotropic radiators 
versus the separation between sources in wavelengths. 
The spacing yielding maximum gain depends upon the 
number of elements. For example, for N =2, the spacing 
d for maximum gain occurs at 0.715A, while d=0.95 dX for 
N=16. Observe that, in general, for element spacings 
less than 0.9 A, the improvement in gain is chiefly a 
function of over-all array length. This indicates that 
for a specified aperture, the gain is approximately in- 
dependent of the number of elements, provided the 
spacing is not larger than 0.9 A. 

The peculiar dips near the peaks of the gain curves of 
Fig. 1 are probably due to the transition stage where 
the secondary sidelobe level starts to become undesir- 
able with increased spacing.’ 


3 For example, see R. M. Foster, “Directive diagrams of antenna 
arrays,” Bell Sys. Tech. J., vol. 5, pp. 292-307; April, 1926. 
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Fig. 1—Plot of directivity (relative to an isotropic radiator) of a 
uniform broadside array of NV isotropic sources vs spacing. The 
dashed line is the directivity of a continuous line source with an 
aperture corresponding to N=4, 8 and 12. 
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Fig. 1 should be compared to the directivity vs spac- 
ing curves presented by Kandoian‘ for a uniform linear 
broadside array of individual sources possessing a sinus- 
oidal unit pattern, e.g., loops. Prominent differences 
exist between the two sets of curves. The maximum 
gain is attained for the loop curves when the spacing is 
1 \ between successive elements. Also the peculiar dips 
do not exist in Kandoian’s curves. However these dis- 
tinctions appear to be reasonable since Kandoian has 
applied to (1) the effects of a directional element pat- 
tern. The higher secondary lobes that exist with the iso- 
tropic sources will be suppressed by the element pat- 
tern in the case of loops. 

It is of interest to compare the gain of a discrete num- 
ber of sources with the gain of a continuous line source, 
both having the same aperture. The dashed curves of 
Fig. 1 provide a comparison of the directivity of a con- 
tinuous line source with the directivity for NV =4, 8, and 
12 isotropic sources. In the region where d<0.5 X, the 
gain of an array of isotropic radiators can be estimated 
accurately from a continuous line source. For spacings 
larger than 0.5 A, the actual gain curves deviate from 
the asymptote to a greater extent. Nevertheless, the 
continuous line source provides a rough determination 
of gain for spacings up to approximately 0.9 A. A good 
empirical value for approximating the directivity of a 
uniform broadside array of isotropic sources in terms of 
its aperture, A, is 


D rye (2) 
ae 


4 A, G. Kandoian, “Three new antenna types and their applica- 
tions,” Proc. IRE, vol. 34, pp. 70-75; February, 1946. 


Modification of “Simplified Method for Computing Knife Edge 
Diffraction in the Shadow Region”* 
L. J. ANDERSON} anp L. G. TROLESEt 


(Cia between the authors of the 
above paper,! and J. H. Crysdale, DRTE, 
Ottawa, Can. and J. R. Wait, NBS, Boulder, 
Colo., has pointed out improvements which should be 
made in combining the phases of the reflected and un- 
reflected rays. It turns out, as suggested by Crysdale, 
that this can best be done by changing the argument of 
expressions (9) and (10) to 276/A instead of v(vp-+-Av/2) 


* Manuscript received by the PGAP, January 22, 1959. 

} Smyth Research Associates, San Diego, Calif. j 

1 TRE Trans. ON ANTENNAS AND PRopaGaTION, vol. AP-6 pp 
281-286; July, 1958. van 


and re-labeling the abscissa of Fig. 5 in the same way. 
The 6’s are defined by (13). This not only improves the 
accuracy, but also simplifies the computations by elimi- 
nating the Av’s. 

Wait pointed out that the free-space distance tra- 
versed by the reflected and unreflected rays are slightly 
different and should be accounted for. This is also ac- 
complished by the above modification. 

The authors would like to express their appreciation 
to J. H. Crysdale and J. R. Wait for their suggestions, 
and the stimulating exchange of correspondence per- 
taining thereto. 
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_ Effect of Surface Reflections on Rain Cancellation of Circularly 
Polarized Radars* 


R. McFEE} anp T. M. MAHERt 


tors, can prevent perfect cancellation of radar re- 
flections from rain when circular-polarization tech- 
_ niques’? are used to suppress these returns. The pur- 
pose of this note is to present estimates of the reduction 
in cancellation which is due to this factor alone in the 
case where the radar overlooks the sea. The calculations 
_are based on the reflection coefficients of sea water at 
two different frequencies, 500 mc and 3000 mc. The 
discussion is intended to apply primarily to ground- 
_ based search radars and not to radars with beams so 
directed that surface reflections are negligible. 

Cancellation of rain reflections by circular-polariza- 
tion techniques is attained ideally as follows. The 
transmitter power is divided and radiated in two equal 
components, one vertically polarized and the other 
horizontally polarized. One of these is delayed 90° in 
phase relative to the other before radiation. When these 
two components are radiated with equal gains in a given 
direction and undergo reflection by an ideal spherical 
raindrop, the reflections retain the original polarizations 
and have equal strengths. When they return to the 
antenna, the phase-shifted component is shifted again 
by 90°, after which both components are added to- 
gether. Since they are now 180° out of phase and of 
equal magnitude, they cancel each other and the return 
from the raindrop is suppressed. 

Ground reflections prevent this cancellation by de- 
stroying the equality of the antenna gains for the two 
components and by introducing extra phase shifts. As a 
result, the vertical and horizontal returns do not have 
the same amplitude and opposite phase, and therefore 
do not cancel when added. 

Cancellation will also be upset by deficiencies in the 
power divider, phase shifter, and antenna of the radar, 
as well as by assymetries in the reflecting rain drops or 
snow, and by multiple reflections in the rain cloud. Al- 
though assumed to be negligible in this analysis, these 
factors are by no means negligible in practice, and will 
deteriorate the cancellation substantially from the value 
given here where surface reflections are considered to 
be the sole disturbance. 

In order to calculate the cancellation obtainable it is 


aS reflections, along with many other fac- 


* Manuscript received by the PGAP, May 27, 1958; revised 
manuscript received, December 22, 1958. This work sponsored by 
the U. S. Air Force, Rome Air Dev. Center, under contract AF- 
30(602)-1640. te 

+ Dept. of Elec. Eng., Syracuse University, Syracuse, Ne Ys ype 

1L. N. Ridenour, “Radar System Engineering, McGraw-Hill 

k Co., Inc., p. 84; 1947. : 
ae W.D. White, “Circular radar cuts rain clutter,” Electronics, vol. 
27, pp. 158-160: 1954. 


necessary to define a quantitative index. This may be 
done in terms of the vertical and horizontal compo- 
nents, P; and Pz: respectively, of the power returned 
to the antenna. A third term, Py, represents the re- 
ceived power level after the two return signals are 
added. If the voltages associated with P,; and P» are 
equal and opposite in phase, then Py will be zero. The 
cancellation ratio @ is defined as the ratio of this re- 
ceived power Py; to the total incident power, P; plus Po. 


Pie 


— or 1 
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Each of these powers is the sum of the returns from 
many raindrops at the same range but at different 
azimuths and elevations. It is assumed that the rain- 
drops are uniformly distributed throughout this cross- 
section of the beam and that the phases of the returns 
from different raindrops are uncorrelated and thus that 
the powers may be added linearly. 

The above expression can be put in a form suitable for 
numerical evaluation by introducing the concept of 
complex voltage gain. The complex voltage gain f of a 
transmitting antenna is here taken as the quantity 
representing the magnitude and the phase angle of the 
voltage received at some point in the beam, relative to 
the voltage at a reference point located at the same 
distance from the antenna, in the center of the beam. 
By reciprocity, this gain is unchanged when the antenna 
is receiving. 

In an ideal circularly polarized system, we will have 
fi=fe=f, where each of these gains is a function of 
elevation angle 6 and azimuth angle ®. For antennas 
with free space patterns {(6, &) having symmetry about 
the vertical and the horizontal axes, we will have to 
a good approximation, 


F(0, ®) = g()h(®). (2) 


Eq. (2) is known to be approximately correct for sym- 
metrical antennas. 

When the field at a remote point is due to a combina- 
tion of a direct ray and the ray reflected from the earth’s 
surface at a point near the antenna (Fig. 1), and when 
the reflection coefficient can be represented as Te”, the 
gains of the antenna for the vertical and the horizontal 
components are given to a close approximation by 


fil0, &) = h(®)[g(0) + g(—0) Ti) e%1 74 | 

= h(®)G,(8) (3) 
f.(0, ®) = h(®)[g(6) + g(—0)T'2(8) €%82 (0) ¢74 8) | 

= h(®)G2(8). (4) 
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Here A(@) is the path length difference in wavelengths 
between the path taken by the direct ray and that 
taken by the reflected one. The new factors G.(6) and 
G2(6) are shorthand symbols for the terms in the square 
brackets and are functions of the elevation 6 alone. 
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Fig. 1—# is the elevation angle, and © is the azimuth angle. 


The voltages of the returns will be proportional to the 
square of the voltage gains, since the path is traversed 
twice. The powers of the returns will be proportional to 
the absolute values of these voltages squared. This gives 


for (1), 
“ fi f | f.2 — fo? |*dod® 
aay J (ale+ [fol pasa 


The integration limits are the boundaries of the beam, 
0<@<6max in elevation and —®,,.<®<®,,. in azi- 
muth. There is a factor of one half in the numerator of 
this equation because, with proper matching, the re- 
sistance of the transmission line on which the voltages 
are added is twice the resistance of each of the two 
transmission lines feeding it. If (3) and (4) are sub- 
stituted into the above equation and if the integra- 
tion with respect to the azimuth ® is carried out, the 
result is 


(5) 


fi a 
—{ | eee G2? |2d0 
a 


- 7 (6 
i, (| Gi|4+ | G2 |4)d0 


The problem now is to evaluate (6) from the given 
voltage gain pattern of the antenna g(6) and the co- 
efficients T',, I'2, 8; and Bs, all of which are functions of 6. 
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A simplification of this equation can be made if it is 


recognized that the fluctuation due to the path length — 
difference, AQ, is periodic and varies much more rapidly — 


than the other quantities. As a result it can be averaged 
out first. We obtain, after substitutions and some 
manipulation, 


| G2 — G:? lav? | 
= 4g%(+0)¢(—6) [La + Px? — 2x2 cos (81 = 82)] (7) 
g'(—6) [Tut + Tot — 2PvT2? cos 2(6 — B2)], 
and 
| Gilavt + | Gelar4 
= [g?(+6) + g2(—0) 1x7]? + [g2(+8) + 9°(+6)P2"]? 
+ 2g?(+6)g2(—6)[Ty? + T.7]. 


The cancellation ratio is determined by numerical in- 
tegration after substitution of these formulas into (6). 

Figs. 2-4 show the values used for g(@), T and 8. The 
antenna beam is assumed to be pointed slightly upward, 
with its 3-db point on the horizon as is customary, and 
to have a 6° vertical beamwidth. Its free space voltage 
pattern g(6) is assumed to be of the sin x/x type. Values 
of I and @ are for sea water and have been taken from 
Burrows and Attwood’s work.* For numerical integra- 
tion, values were calculated every 4° from 0° to 10°. 

Under the assumptions that rain drops are uniformly 
distributed throughout the beam cross section and that 
perfect cancellation would be achieved were it not for 
surface reflections, it was found that reflections from 
sea water yield the values, given in Table I, for the 
ratios of the power of returns reaching the receiver to 
the power of returns incident on the antenna: 


TABLE I 
Power Power 
Frequency Cancellation Cancellation 
Ratio Ratio in db 
500 mc 1/37 —15.7db 
3000 mc 1/67 —18.3 db 


These ratios are not influenced significantly by the 
shape of the beam or its width, but they will be quite 
sensitive to its elevation. Elevating the beam reduces 
the reflected power, hence improving the cancellation, 
but at the expense of low angle coverage. 

As the reflecting properties of smooth earth to micro- 


SIGERe Burrows and S. S. Attwood, “Radio Wave Propagation,” 
The Academic Press, Inc., New York, N. Y., vol. 3, ch. 4; 1949. 
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Fig. 3—Magnitude of reflection factor of sea water 
(T, vertical polarization, T2 horizontal). 


120 


Phase angle of reflection factor (3 


oO 40 20 3.0 40 _ 30 60 70 80 90 400 
Angle of incidence 6 (degrees) 


Fig. 4—Phase angle of reflection factor of sea water 
(4&1 vertical polarization, f2 horizontal). 


waves are not unlike those of sea water,‘ the cancellation 
ratios for radars sited in flat countryside will approxi- 
mate those given in the above table. 

It is evident from these results that, at best, only a 
moderate degree of cancellation of returns from rain can 
be achieved by using circular polarization techniques in 
search radars overlooking the sea or flat countryside. 


4 Burrows and Attwood, op. cit. 


Laboratory Development Notes 
Omnidirectional Vertically Polarized Paraboloid Antenna* 
E. 0. WILLOUGHBY} anp E. HEIDER} 


polarized antennas in the UHF region by arrays 
of vertical antennas is complicated by mutual 
couplings between the antennas themselves and the 
supporting mast. When, in addition, beam-tilt and 
wideband operation are attempted, the difficulties be- 
come almost insuperable. 
Hence it was decided that for the problem of UHF 
communication to aircraft, there was much to be gained 
by having only one excitation point for a wide aperture 


Biss problem of obtaining high-gain vertically- 


* Manuscript received by the PGAP, October 3, 1958. This work 
was financed by the Australian Dept. of Civil Aviation. Patent filed 
Application No. 28443, June 6, 1957. 

+ University of Adelaide, Australia. 


—8, in this case—and a standard reflector system so 
designed that several such units could be stacked 
vertically to give more directivity. (See Fig. 1.) 


DESCRIPTION 


VP—360° omnidirectional UHF beacon TV antenna. 

Paraboloid of revolution about line parallel to direc- 
TIN, 

Excitation—from a focal circle, the initial excitation 
from the vertical axis of symmetry being expanded 
out from the axis by a very low impedance disk, or 
conical transmission line, and then redirected by a 
toroidal reflector to illuminate the two halves of the 
paraboloid. 
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Relative Power 


Relative Power 
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The construction of so large an antenna is of some in- 
terest. A paraboloid of revolution is the limiting case of 


centricity greater than 1, while the paraboloid has an 
eccentricity =1. Now a hyperboloid is a ruled surface 
and hence there is a chance that the paraboloid surface 
could be made of strips. This proved to be the case, and 
with the help of Dr. Brearley of the University Mathe- 
matics Department, it was shown that strips at 78° to 
the axis were less than 1 inch off straight out in 4 feet 
0 inch, and by using parallel strips with a variable 
overlap, a very satisfactory paraboloid was made. 

Clearly, however, if large numbers of such antennas 
were to be made, simpler methods of construction suited 
to production could be devised. 


EXPERIMENTAL RESULTS 


The paraboloid antenna and the pick up antenna for 
polar diagram tests were spaced 130 feet (Range 
R=2D?/)) and at a height of 15 feet, and placed on a 
test carriage capable of swinging from 9° below the 
horizon to 36° above. (See Fig. 2.) . 


Fig. 2—Omnidirectional vertically polarized paraboloid antenna. Gain approximately 40 or 16 db. 


a hyperbola of revolution, for a hyperbola has an ec-_ 
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In the somewhat elaborate experimental model, ar- The dimensions of the antenna were such that it was 


rangements have been made to lift the focal circle not convenient to have the axis horizontal; and the test 


to provide beam tilts up to about 4° (half the angle was arranged so that the interference of the sidelobes — 


F ore, Sea ea zero of the main beam). reflected in the ground plane would not appreciably — 
Pein ee ength=28cm = waar affect the width determined for the main beam, although 
- =7 feet 6 inches the apparent sidelobes were accentuated b i 
‘e y this test 
Sains Seana (of ee circle) =8 feet 6 inches procedure. The magnitude of the sidelobes is indicated 
lameter paraboloid =3 feet 9 inches by the asymmetry of the main lobe of the pattern, the 


Minimum diameter paraboloid =1 foot 6 inches. 


side lobes being greater for the upper test result than 
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the lower, which were taken traversing through the 
respective main lobes in opposite directions. 


The polar diagrams show the following results. Upper 
radiation pattern, 


A= 29.7cm, angle between maximum and zero of main 


lobe =7.4° 
\=32.0cm, angle between maximum and zero of main 
lobe =7.7°. 


Willoughby and Heider: Omnidirectional Vertically Polarized Paraboloid Antenna 
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As much work remains to be done, a comprehensive 
report dealing with the control of the antenna pattern, 
bandwidth, and beam tilt will be given at a later date; 
the latter in particular is expected to be important as 
nulls between the sidelobes are expected to be filled in, 
in a manner useful for aviation or TV patterns. 

In conclusion, our thanks to our colleagues at the 
Weapons Research Establishment for making their 
measuring equipment available. 
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neer for the Philco 
Corp., in Japan and 
Korea. While with 
Philco he was engaged in the installation 
and testing of antennas and communications 
equipment. 

From 1952 to 1955, Mr. Leadabrand was 


R. L. LEADABRAND 


A on the staff of the Radio Propagation Lab- 


oratory at Stanford University, where he 
was engaged in research on auroras, sporadic- 
E, meteors, and related problems. In Octo- 
ber, 1955, he joined the staff of Stanford Re- 
search Institute as a research engineer in 
the Special Techniques Group of the Radio 
Systems Laboratory. Since that time he has 
been engaged in research on auroral and 
meteoric propagation. 

Mr. Leadabrand is a member of Sigma 
Xi, and the U. S. Committee of URSI. 


E. Levin was born in Los Angeles, Calif., 


, on April 19, 1930, He attended the Uni- 


versity of California at Los Angeles and 


Contributors 


received the B.A. degree in physics with 
highest honors in 1950, the M.A. degree in 
physics in 1951, and the Ph.D. degree in 
mathematics in 1955. 
From 1953-1955, he 
was associated with 
the Institute for Nu- 
merical Analysis as a 
thesis fellow and re- 
search assistant. 

In 1955, Dr. Levin 
joined the Ramo- 
Wooldridge Corpora- 
tion where he served 
as group leader of 
the applied mathe- 
matics group and 
later as associated head of the mathematical 
analysis department. In 1958, he joined the 
aeronautics department of the RAND Corp- 
oration. Since 1955, he has also been en- 
gaged in teaching for the University of 
Southern California Extension Depart- 
ment, Los Angeles. His work in applied 
mathematics includes contributions in the 
fields of elasticity, plasticity, hydrody- 
namics, and orbit mechanics. 

He is an associate member of the ASME, 
a member of the American Rocket Society, 
Sigma Xi, the American Mathematical So- 
ciety, the Mathematical Association of 
America, and the Society for Industrial and 
Applied Mathematics. 


E. LEvIN 


L. Lewin was born on July 22, 1919, in 
Essex, England. 

During World War II he was engaged at 
the Admiralty Signals 
Establishment on the 
design of radar an- 
tennas and waveguide 
components. 

In 1946, he joined 
Standard Telecom- 
munication Labora- 
tories, becoming head 
of the microwave de- 
partment in 1951. He 
is engaged in research 
into waveguides and 
components, anten- 
nas, noise and electromagnetic theory. 

Mr. Lewin is a member of the Institution 
of Electrical Engineers. 


L. LEwIN 


R. B. Muchmore (S’39-A’40-SM’49) was 
born on July 8, 1917, in Augusta, Kan. He 
attended the University of California at 
Berkeley, receiving the B.S. degree in elec- 
trical engineering in 1939. He received the 
E.E. degree in communications engineering 
from Stanford University, Stanford, Calif., 
in 1942. 

From 1942 to 1946, he was employed by 
the Sperry Gyroscope Co, as a project en- 
gineer working in the fields of antennas and 
microwave test equipment. In 1946, he 
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joined the staff of the Guided Missile Lab- 
oratory at the Hughes Aircraft Co., where 
he did systems and 
noise analysis. From 
1954 to 1958, he was 
with the Ramo- 
Wooldridge Corpora- 
tion as a senior mem- 
ber of the technical 
staff doing systems 
analysis and work in 
the field of radio 
propagation. He is 
now Director of the 
Space Technology 
Laboratories’ Guid- 
ance Research Laboratory. 

Mr. Muchmore is a member of Sigma Xi, 
RESA, the Acoustical Society of America, 
and U. S. Commission II, International Sci- 
entific Radio Union. 


R. B. MucHMORE 


George Neal was born in Kingston, On- 
tario, Can., on February 13, 1928. He re- 
ceived the B.S. degree from Queen’s Uni- 

versity, Kingston, 
in 1951. 
After graduation, 
' he joined the staff 
of the National Re- 
search Council of 
Canada, at the Scar- 
borough Field Sta- 
tion, where he was 
engaged in work on 
anomalous propaga- 
tion at three centi- 
meters across Lake 
Ontario, and on scat- 
ter propagation at ten centimeters. Recently 
he has been working on navigational aids at 
the Radio and Electrical Engineering Lab- 
oratories of the National Research Council 
in Ottawa. 
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Arthur A. Oliner (M’47-SM’52) was born 
in Shanghai, China, on March 5, 1921. He 
received the B.A. degree from Brooklyn Col- 
lege, Brooklyn, N.Y., 
in 1941, and the 
Ph.D. degree in phys- 
ics from Cornell Uni- 
versity, Ithaca, N. Y., 
in 1946. While at Cor- 
nell, he held a gradu- 
ate teaching assist- 
antship in the physics 
department and also 
conducted research on 
an Office of Scientific 
Research and Devel- 
opment project. ga 

Since 1946, Dr. Oliner has been with the 
Microwave Research Institute of the Poly- 
technic Institute of Brooklyn, where he has 
been engaged in research in a variety of 
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topics in the microwave field. He has also 
taught graduate courses in physics and elec- 
trical engineering, and is a research professor 
at the Institute. 

Dr. Oliner is a member of Commissions 
1 and 6.3 of URSI, the American Physical 
Society, and Sigma Xi. He is also on the Na- 
tional Academy of Sciences Advisory Panel 
to the National Bureau of Standards. 


Allen M. Peterson (M’56) was born in 
Santa Clara, Calif., on May 21, 1922. He 
attended San Jose State College, San Jose, 
Calif., from 1940 to 
1942. He received the 
B.S. degree in 1948, 
the M.S. degree in 
1949, and the Ph.D. 
degree in 1952, from 
Stanford University, 
Stanford, Calif., all 
in electrical engineer- 
ing. 

He was a mem- 
ber of the Electronics 
Group of the Sacra- 
mento Air Service 
- Command from 1942 to 1944, and was on 
active duty with the U. S. Army Air Forces 
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from 1944 to 1946. Since 1947, he has been 
a staff member of the Radio Propagation 
Laboratory at Stanford, and is currently 
associate professor of electrical engineering. 
In 1953, he joined Stanford Research Insti- 
tute, where he has been engaged in research 
on radio propagation, communications, and 
radio systems design. At present he is 
manager of the Communication and Propa- 
gation Laboratory. 

Dr. Peterson is a member of the Scien- 
tific Research Society of America; Sigma Xi, 
the Society for Industrial and Applied Math- 
ematics, Commission ITI of the United States 
Committee of URSI, and a National Science 
Foundation Panel charged with planning 
and reviewing aurora and ionospheric re- 
search programs being conducted during the 
present International Geophysical Year. 
Also in conjunction with the IGY, he heads 
a program in upper atmosphere studies by 
radio-sounding techniques being carried out 
at Stanford. 


Walter Rotman (A’49-M’55) was born 
in St. Louis, Mo., on August 21, 1922. From 
1942-1945, he served in the U. S. Army Air 


Force working on radar equipment. He re- 
ceived the B.S. and the M.S. degrees from 
the Massachusetts Institute of Technology, 
Cambridge, in 1947 
and 1948, respec- 
tively. While at 
M.1.T., he worked as 
a research assistant 
in the Research Lab- 
oratory of Electron- 
ics. 

In. 1948, he joined 
the Electromagnetic 
Radiation Labora- 
tory of the Air Force 
Cambridge Research 
Center, Bedford, 
Mass., where he is now in charge of the mis- 
sile antenna section. His field of interest also 
includes progressive wave antennas and mi- 
crowave optical systems. 

Mr. Rotman is a member of RESA and 
Sigma Xi. 
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A. D. Wheelon, for a photograph and 
biography, please see page 116 of the Jan- 
uary, 1959 issue of these transactions. 
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(right) Lockheed Q-5 target 
missile features telemetry 
that registers miss-distance 
and theoretical hits 

in testing accuracy 

of other missiles, 


ANTENNA— 
TELEMETRY 


Studying results of antenna pattern 
measurements — part of the activity of the 
Space Communications laboratory. 


Lochheed 


MISSILES AND SPACE 
DIVISION 


SUNNYVALE, PALO ALTO, VAN NUYS, 
SANTA CRUZ, SANTA MARIA, CALIFORNIA 
CAPE CANAVERAL, FLORIDA - ALAMOGORDO, NEW MEXICO 


Expanding the Frontiers 
of Space Technology 


Lockheed maintains extensive research capabilities for the development 
of antennas and telemetering systems and spacecraft applications. 


Laboratory studies in antennas and electromagnetic propagation include 
the application of solid state materials to microwave transmission line 
components; the design of antennas to survive the rigors of space flight; 

the effects of space on radio signals and radar detection; and the 

scattering from missile shapes and space vehicles. Research is also being 
conducted in the application of ferrites and MASERS; on problems of radio 
transmission between space vehicles and Earth, re-entry scattering and 
diffraction by man-made objects and ionized gases; and development of 
antennas for data link systems between satellites and ground stations. 


Telemetering has been brought to a high degree of successful application 

in the integration of circuits and components into high-performance 
systems. A completely sub-miniaturized FM-FM system has been 
developed, along with a complete PAM-FM system characterized by highly 
efficient band-width utilization, low power consumption and economy of 
size and weight. This represents a significant achievement in the field 


of high capacity telemetry. 


Scientists and engineers of outstanding talent and inquiring mind are 
invited to join us in the nation’s most interesting and challenging basic 
research and development programs. Write: Research and Development 
Staff, Dept. D-56, 962 W. El Camino Real, Sunnyvale, California. 


“The organization that contributed most in the past year to the 


advancement of the art of missiles and astronautics.” 
NATIONAL MISSILE INDUSTRY CONFERENCE AWARD 
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eo th Stacie | INSTITUTIONAL LISTINGS 


The IRE Professional Group on Antennas and Propagation is grateful for 
the assistance given by the firms listed below, and invites application for 
Institutional Listing from other firms interested in the field of Antennas and 


Propagation. 


ANDREW CORPORATION, 363 E. 75th St., Chicago 19, Ill. 
Antennas, Antenna Systems, Transmission Lines, Development and Production. ~~ _ 


ANTLAB, INC., 6330 Proprietors Rd., Worthington, Ohio 
Antenna Pattern Range Systems—Recorders & Mounts. 


BLAINE ELECTRONETICS, INC., 14757 Keswick St., Van Nuys, Calif. 
Antennas, Paraboloids, Scale Models, Antenna Radiation Pattern Measurement Towers. 


COMMUNICATION PRODUCTS COMPANY, INC., Marlboro, N. J. 
Fixed Station and Vehicular Antennas and Associated Cable Systems 
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DEVELOPMENTAL ENGINEERING CORP., 1001 Conn. Ave. N.W., Washington, D. C. and Leesburg, Va. 
Research, Development, Installation of Antennas and Antenna Equipment for Super Power Stations. 
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DORNE AND MARGOLIN, INC., 29 New York Ave., Westbury, L. I., N. Y. 
Research, Development, and Manufacture of Airborne Antennas and Systems 
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THE GABRIEL LABORATORIES, Div. of the Gabriel Co., 135 Crescent Road, Needham Heights 94, Mass. 
Research and Development of Antenna Equipment for Government and Industry. 


HUGHES AIRCRAFT COMPANY, Culver City, Calif. . 
Research, Development, Mfr.: Radar, Missiles, Antennas, Radomes, Tubes, Solid State Physics, Computers. ~ 


I-T-E CIRCUIT BREAKER CO., Special Products Div., 601 E. Erie Ave., Philadelphia 34, Pa. 
Design, Development and Manufacture of Antennas, and Related Equipment. 


JANSKY & BAILEY, INC., 1339 Wisconsin Ave. N.W., Washington 7, D.C. 
Radio & Electronic Engineering; Antenna Research & Propagation Measurements; Systems Design & Evaluation. 


MARK PRODUCTS CoO., 6412 W. Lincoln Ave., Morton Grove, IIl. 
Multi Element Grid Parabolas, Antennas for Two-Way Communications, R & D. 


THE RAMO-WOOLDRIDGE CORPORATION, Los Angeles 45, Calif. 


TRANSCO PRODUCTS, INC., 12210 Nebraska Ave., Los Angeles 25, Calif. y 
Res., Design, Dev., & Mfr. of Antenna Systems & Components for Missile, Aircraft & Ground Installations. i : 


WHEELER LABORATORIES, INC., 122 Cutter Mill Road, Great Neck, N. Y. 
Consulting Services, Research and Development, Microwave Antennas and Waveguide Components. 


WIND TURBINE COMPANY, West Chester, Pa. 
Complete Antenna Systems and Towers 


The charge for an Institutional Listing is $25.00 per issue or $75.00 for four 
consecutive issues. Application may be made to the Technical Secretary, 
The Institute of Radio Engineers, 1 East 79th Street, New York 21, N. Y. 


